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Preface

This book contains lecture notes prepared for the one-semester course “Structure
of Matter” belonging to the Master of Science in Physics at the University of
Padova. The course gives an introduction to the field quantization (second quan-
tization) of light and matter with applications to atomic physics.

Chapter 1 briefly reviews the origins of special relativity and quantum
mechanics and the basic notions of quantum information theory and quantum
statistical mechanics. Chapter 2 is devoted to the second quantization of the elec-
tromagnetic field, while Chap. 3 shows the consequences of the light field quan-
tization in the description of electromagnetic transitions. In Chap. 4, it is analyzed
the spin of the electron, and in particular its derivation from the Dirac equation,
while Chap. 5 investigates the effects of external electric and magnetic fields on the
atomic spectra (Stark and Zeeman effects). Chapter 6 describes the properties of
systems composed by many interacting identical particles. It is also discussed the
Fermi degeneracy and the Bose—FEinstein condensation introducing the Har-
tree-Fock variational method, the density functional theory, and the
Born—-Oppenheimer approximation. Finally, in Chap. 7, it is explained the second
quantization of the nonrelativistic matter field, i.e., the Schrodinger field, which
gives a powerful tool for the investigation of finite-temperature many-body prob-
lems and also atomic quantum optics. Moreover, in this last chapter, fermionic Fock
states and coherent states are presented and the Hamiltonians of Jaynes—Cummings
and Bose—Hubbard are introduced and investigated. Three appendices on the Dirac
delta function, the Fourier transform, and the Laplace transform complete the book.

It is important to stress that at the end of each chapter there are solved problems
which help the students to put into practice the things they learned.

Padova, January 2014 Luca Salasnich
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Chapter 1
The Origins of Modern Physics

In this chapter we review the main results of early modern physics (which we suppose
the reader learned in previous introductory courses), namely the special relativity of
Einstein and the old quantum mechanics due to Planck, Bohr, Schrodinger, and
others. The chapter gives also a brief description of the relevant axioms of quan-
tum mechanics, historically introduced by Dirac and Von Neumann, and elementary
notions of quantum information. The chapter ends with elements of quantum statis-
tical mechanics.

1.1 Special Relativity

In 1887 Albert Michelson and Edward Morley made a break-thought experiment of
optical interferometry showing that the speed of light in the vacuum is

c=3x10% m/s, (1.1)

independently on the relative motion of the observer (here we have reported an
approximated value of ¢ which is correct within three digits). Two years later, Henry
Poincaré suggested that the speed of light is the maximum possible value for any
kind of velocity. On the basis of previous ideas of George Francis FitzGerald, in
1904 Hendrik Lorentz found that the Maxwell equations of electromagnetism are
invariant with respect to this kind of space-time transformations

X — vt

X = (1.2)
11—
2
Y=y (1.3)
7=z (1.4)
L. Salasnich, Quantum Physics of Light and Matter, UNITEXT for Physics, 1
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2 1 The Origins of Modern Physics

2
t_
= L/C (1.5)

-
Ji-s

which are called Lorentz (or Lorentz-FitzGerald) transformations. This research
activity on light and invariant transformations was summarized in 1905 by Albert
Einstein, who decided to adopt two striking postulates:

(i) the law of physics are the same for all inertial frames;
(ii) the speed of light in the vacuum is the same in all inertial frames.

From these two postulates Einstein deduced that the laws of physics are invariant with
respect to Lorentz transformations but the law of Newtonian mechanics (which are
not) must be modified. In this way Einstein developed a new mechanics, the special
relativistic mechanics, which reduces to the Newtonian mechanics when the involved
velocity v is much smaller than the speed of light c. One of the amazing results of
relativistic kinematics is the length contraction: the length L of a rod measured by
an observer which moves at velocity v with respect to the rod is given by

02
L=1Lo/l—-—, (1.6)
Cc

where Ly is the proper length of the rod. Another astonishing result is the time
dilatation: the time interval T of a clock measured by an observer which moves at
velocity v with respect to the clock is given by

Ty
T=_—-° (1.7)
12

(:2

where Ty is the proper time interval of the clock.
We conclude this section by observing that, according to the relativistic mechanics
of Einstein, the energy E of a particle of rest mass m and linear momentum p = |p|

is given by
E = /p%c? + m2c. (1.8)

If the particle has zero linear momentum p, i.e. p = 0, then
_ 2
E = mc”, (1.9)

which is the rest energy of the particle. Instead, if the linear momentum p is finite
but the condition pe/(mc*) < 1 holds one can expand the square root finding

2
E=mcz+§—m—|—0(p4), (1.10)
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which shows that the energy FE is approximated by the sum of two contributions: the
rest energy mc? and the familiar non-relativistic kinetic energy p?/(2m). In the case
of a particle with zero rest mass, i.e. m = 0, the energy is given by

E = pc, (1.11)

whichisindeed the energy of light photons. We stress that all the predictions of special
relativistic mechanics have been confirmed by experiments. Also many predictions
of general relativity, which generalizes the special relativity taking into account the
theory of gravitation, have been verified experimentally and also used in applications
(forinstance, some global positioning system (GPS) devices include general relativity
corrections).

1.2 Quantum Mechanics

Historically the beginning of quantum mechanics is set in the year 1900 when Max
Planck found that the only way to explain the experimental results of the electro-
magnetic spectrum emitted by hot solid bodies is to assume that the energy E of
the radiation with frequency v emitted from the walls of the body is quantized

according to
E = hvn, (1.12)

where n = 0, 1,2, ... is an integer quantum number. With the help of statistical
mechanics Planck derived the following expression

_8nr ,  hv 13
p(v) = C—3V S _1 (1.13)
for the electromagnetic energy density per unit of frequency p(v) emitted by the hot
body at the temperature 7', where 3 = 1/(kgT) with kg = 1.38 x 10723 J/K the
Boltzmann constant, ¢ = 3 x 10® m/s the speed of light in the vacuum. This formula,
known as Planck law of the black-body radiation, is in very good agreement with
experimental data. Note that a hot solid body can be indeed approximated by the
so-called black body, that is an idealized physical body that absorbs all incident
electromagnetic radiation and it is also the best possible emitter of thermal radiation.
The constant & derived by Plank from the interpolation of experimental data of
radiation reads
h=6.63x10"*Ts. (1.14)

This parameter is called Planck constant. Notice that often one uses instead the
reduced Planck constant

h
= — =1.06x 1073 7Js. (1.15)
27
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Few years later the black-body formulation of Planck, in 1905, Albert Einstein
suggested that not only the electromagnetic radiation is emitted by hot bodies in
a quantized form, as found by Planck, but that indeed electromagnetic radiation is
always composed of light quanta, called photons, with discrete energy

€= hv. (1.16)

Einstein used the concept of photon to explain the photoelectric effect and predicted
that the kinetic energy of an electron emitted by the surface of a metal after being
irradiated is given by

Ly
gmv =hv—W, (1.17)

where W is work function of the metal (i.e. the minimum energy to extract the electron
from the surface of the metal), m is the mass of the electron, and v is the emission
velocity of the electron. This prediction clearly implies that the minimal radiation
frequency to extract electrons from a metal is v,;, = W /h. Subsequent experiments
confirmed the Einstein’s formula and gave a complementary measure of the Planck
constant A.

In 1913 Niels Bohr was able to explain the discrete frequencies of electromagnetic
emission of hydrogen atom under the hypothesis that the energy of the electron
orbiting around the nucleus is quantized according to the formula

n =

me 1 i36ev 118

Zgghznz_ 6eV . (1.18)
wheren = 1, 2, 3, .. . is the principal integer quantum number, e is the electric charge
of the electron and ¢ the dielectric constant of the vacuum. This expression shows
that the quantum states of the system are characterized by the quantum number n and
the ground-state (n = 1) has the energy —13.6 eV, which is the ionization energy
of the hydrogen. According to the theory of Bohr, the electromagnetic radiation is
emitted or absorbed when one electron has a transition from one energy level E,, to
another E,,. In addition, the frequency v of the radiation is related to the energies of
the two states involved in the transition by

Thus any electromagnetic transition between two quantum states implies the emission
or the absorption of one photon with an energy hv equal to the energy difference of
the involved states.

In 1922 Arthur Compton noted that the diffusion of X rays with electrons
(Compton effect) is a process of scattering between photons of X rays and
electrons. The photon of X rays has the familiar energy
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€e=hv =h—, (1.20)

with A wavelength of the photon, because the speed of light is given by ¢ = Av. By
using the connection relativistic between energy e and linear momentum p = |p| for
a particle with zero rest mass, Compton found

€ = pc, (1.21)

where the linear momentum of the photon can be then written as
_n (1.22)
p= % .

By applying the conservation of energy and linear momentum to the scattering
process Compton got the following expression

N —\= i(1 — cos (0)) (1.23)
mc

for the wavelength \’ of the diffused photon, with 6 the angle between the incoming
photon and the outcoming one. This formula is in full agreement with experimental
results.

Inspired by the wave-particle behavior exhibited by the light, in 1924 Louis de
Broglie suggested that also the matter, and in particular the electron, has wave-like
properties. He postulated that the relationship

A (1.24)
p

applies not only to photons but also to material particles. In general, p is the linear
momentum (particle property) and A the wavelength (wave property) of the quantum
entity, that is usually called quantum particle.

Two years later the proposal of de Broglie, in 1926, Erwin Schrodinger went to
the extremes of the wave-particle duality and introduced the following wave equation
for one electron under the action of an external potential U (r)

'ha 1) = i vViiuUu t 1.25
[ Ew(r, ) = [—ﬁ + (r)} P(r, 1), (1.25)

) ) a2, . . . .
where V2 = % + g_yZ + (‘;7 is the Laplacian operator. This equation is now known
as the Schrodinger equation. In the case of the hydrogen atom, where

2
Ur) = ——2 (1.26)

4reg 12’
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Schrodinger showed that setting

P(r, 1) = Ry(r) e Ent/h (1.27)
one finds
K2 ) e?
[—%V — Ireo r2] R,(r) = E,R,(r) (1.28)

the stationary Schrodinger equation for the radial eigenfunction R, (r) with
eigenvalue E, given exactly by the Bohr formula (1.18). Soon after, it was under-
stood that the stationary Schrodinger equation of the hydrogen atom satisfies a more
general eigenvalue problem, namely

hZ 2
|:__V2 - e—] ¢nlml (I') = Enwnlm[ (I'), (129)

2m 47eq r?

where )y, (r) is a generic eigenfunction of the problem, which depends on three
quantum numbers: the principal quantum number n = 1, 2, 3, .. ., the angular quan-
tum number / = 0, 1,2, ...,n — 1, and third-component angular quantum number
my = —I,—l+1,...,1 — 1,1 The generic eigenfunction of the electron in the
hydrogen atom in spherical coordinates is given by

¢nlm/ (r, 0, ¢) = Ry (r) Ylm1 0, o),

where Ry (r) is the radial wavefunction while Yy, (6, ¢) is the angular wavefunction.
Notice thatin Eq. (1.28) we have R, (r) = R,,o(r). Itis important to stress that initially
Schridinger thought that ¢(r) was a matter wave, such that |(r, 7)|> gives the
local density of electrons in the position r at time ¢. It was Max Born that correctly
interpreted 1 (r, f) as a probability field, where |1/ (r, £)|? is the local probability
density of finding one electron in the position r at time ¢, with the normalization
condition

/d3r lu(r, 1)|> = 1. (1.30)

In the case of N particles the probabilistic interpretation of Born becomes cru-
cial, with W (ry, 12, . . ., ry, t) the many-body wavefunction of the system, such that
|W(ry, 1, ..., Ty, 1)|? is the probability of finding at time 7 one particle in the posi-
tion ry, another particle in the position r», and so on.

In the same year of the discovery of the Schrédinger equation Max Born, Pasqual
Jordan and Werner Heisenberg introduced the matrix mechanics. According to this
theory the position r and the linear momentum p of an elementary particle are not
vectors composed of numbers but instead vector composed of matrices (operators)
which satisfies strange commutation rules, i.e.

F= (%), 2, P = (Px. Py, P2), (1.31)
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such that
[F, p] = iA, (1.32)

where the hat symbol is introduced to denote operators and [A,B] = AB — BA is
the commutator of generic operators A and B. By using their theory Born, Jordan
and Heisenberg were able to obtain the energy spectrum of the hydrogen atom
and also to calculate the transition probabilities between two energy levels. Soon
after, Schrodinger realized that the matrix mechanics is equivalent to his wave-like
formulation: introducing the quantization rules

r=r, p = —ihV, (1.33)
for any function f (r) one finds immediately the commutation rule
(f' ‘p—p- f’)f(r) = (—ihr -V +ihV -1)f(r) = ihf (r). (1.34)

Moreover, starting from classical Hamiltonian

»
H="—+U(r), (1.35)
2m

the quantization rules give immediately the quantum Hamiltonian operator

h2
H=——V?>+U() (1.36)
2m

from which one can write the time-dependent Schrodinger equation as
., 0 N
lhazb(r, 1) = Hy(r,1). (1.37)

In 1927 the wave-like behavior of electrons was eventually demonstrated by
Clinton Davisson and Lester Germer, who observed the diffraction of a beam of
electrons across a solid crystal. The diffracted beam shows intensity maxima when
the following relationship is satisfied

2d sin(¢) =n A, (1.38)

where 7 is an integer number, A is the de Broglie wavelength of electrons, d is the
separation distance of crystal planes and ¢ is the angle between the incident beam of
electrons and the surface of the solid crystal. The condition for a maximum diffracted
beam observed in this experiment corresponds indeed to the constructive interference
of waves, which is well know in optics (Bragg condition).
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1.2.1 Axioms of Quantum Mechanics

The axiomatic formulation of quantum mechanics was set up by Paul Maurice Dirac
in 1930 and John von Neumann in 1932. The basic axioms are the following:

Axiom 1. The state of a quantum system is described by a unitary vector |1/) belonging
to a separable complex Hilbert space.

Axiom 2. Any observable of a quantum system is described by a self-adjoint linear
operator F acting on the Hilbert space of state vectors.

Axiom 3. The possible measurable values of an observable F are its eigenvalues f,
such that

FIf) =fIf)

with |f) the corresponding eigenstate. Note that the observable F admits the spectral
resolution

F=>" 1N,
f
which is quite useful in applications, as well as the spectral resolution of the identity
I=>"1N{1
f

Axiom 4. The probability p of finding the state |+)) in the state |f) is given by

= [(fl¥) 2,

where the complex probability amplitude (f|i) denotes the scalar product of the
two vectors. This probability p is also the probability of measuring the value f of
the observable F' when the system in the quantum state |¢). Notice that both |¢))
and |f) must be normalized to one. Often it is useful to introduce the expectation
value (mean value or average value) of an observable F with respect to a state |v)
as Wll:" [1). Moreover, from this Axiom 4 it follows that the wavefunction (r) can
be interpreted as

Y(r) = (r|y),

that is the probability amplitude of finding the state |¢)) in the position state |r).
Axiom 5. The time evolution of states and observables of a quantum system with
Hamiltonian H is determined by the unitary operator

U(t) = exp (—iHt/h),
such that |1/J(t) =U (D)2 is the time- evolved state |v) at time t and F (1) =

1(t)F U (?) is the time-evolved observable F at time ¢. From this axiom one finds
1mmed1ately the Schrodinger equation



1.2 Quantum Mechanics 9
B2 ) = Alvw)
n— =
ot
for the state [ (¢)), and the Heisenberg equation
0D [F(t), H]
ih—F = ,
ot

for the observable F (1).

1.2.2 Quantum Information

The qubit, or quantum bit, is the quantum analogue of a classical bit. It is the unit
of quantrum information, namely a two-level quantum system. There are many two-
level system which can be used as a physical realization of the qubit. For instance:
horizontal and veritical polarizations of light, ground and excited states of atoms or
molecules or nuclei, left and right wells of a double-well potential, up and down
spins of a particle.

The two basis states of the qubit are usually denoted as |0) and |1). They can be

written as
1 0
|0)=(0), |1)=(1), (1.39)

by using a vector representation, where clearly

(0= (1,0, (1] =(0,1), (1.40)
and also
(010) = (1, 0)((1)> =1, (1.41)
0]1) = )(?): , (1.42)
(110) = )((1)) =0, (1.43)
() = ((1)) 1, (1.44)
while

0= () 1.0 = (50). (145)
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1 01

o= () 0n=(g,). (1.46)
0 00

mo = (1) ao=(7). (147)
0 00

mai=(7)en=(57): (148)

Of course, instead of |0) and |1) one can choose other basis states. For instance:

1 1 1 1 1 1
S 0 1 = — N —_-) = —= 0—1 = — s
)= 5 10) + 1) ﬁ(l) =) = —5 10 = 1) ﬁ(_l)

(1.49)

but also
|i>—L(|0>+i|1))—L(1) I—i)—L(IO)—ill))—i(l)
~n “a\i) R “a\-i)
(1.50)

A pure qubit |1¢)) is a linear superposition (superposition state) of the basis states
|0) and |1), i.e.
V) = a[0) + G [1), (1.51)

where « and (3 are the probability amplitudes, usually complex numbers, such that
laf?> +18)* = 1. (1.52)

A quantum gate (or quantum logic gate) is a unitary operator U acting on qubits.
Among the quantum gates acting on a single qubit there are: the identity gate

~ (10
1:(01), (1.53)

N I (11
H= ﬁ (1 _1) (1.54)

the not gate (also called Pauli X gate)

5 01 A
X:(lo)zal, (1.55)

the Hadamard gate

the Pauli Y gate
- 0—i A
Y_(i 0)_02, (1.56)
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. 10 .
Z=(0 _1) = 63. (1.57)

It is strightforward to deduce the properties of the quantum gates. For example, one
easily finds

and the Pauli Z gate

~ A

H|0) =[+),  HI[l)=][-) (1.58)

but also .
H|+) =10), H|—) =|1). (1.59)

A N-qubit |Dy), also called a quantum register, is a quantum state characterized by

|ON) = D capaylan) ® - ® lay), (1.60)

aj...an

where |q;) is a single qubit (with o;; = 0, 1), and

> lcarayl* =1 (1.61)

af...ay

In practice, the N-qubit describes N two-state configurations. The more general 2-
qubit |®,) is consequently given by

|®2) = co0|00) + co1]01) + ¢c10[10) + c11|11), (1.62)

where we use |00) = [0)®]0), |01) = [0)®|1), |10) = |1)®]0),and |11) = |1)®|1)
to simplify the notation.

For the basis states of 2-qubits we one introduce the following vector
representation

[00) = , [01) = , [10) = , [11) = (1.63)

[Nl
[=Rel e}
(=R e}
- o O O

Moreover, quantum gates can be introduced also for 2-qubits. Among the quantum
gates acting on a 2-qubit there are: the identity gate

1000
0100
0010
0001

~>
I

(1.64)

and the CNOT (also called controlled-NOT) gate
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1000
0100
0001
0010

CNOT = (1.65)

Notice that the action of the CNOT gate on a state |«3) = |a)|f3) is such that the
“target” qubit |3) changes only if the “control” qubit |«) is |1).

The 2-qubit |®,) is called separable if it can be written as the tensor product of
two generic single qubits |104) and |yp), i.e.

|P2) = [1ha) @ |9B). (1.66)

If this is not possible, the state |®,) is called entangled. Examples of separable
states are

100) = |0) ® |0), (1.67)
or

[01) = 10) ® 1), (1.68)
but also | |

7 (101) + [11)) = 7 (10) + 1) ® [1). (1.69)

Examples of entangled states are instead

% (101) £ 110)) . (1.70)
but also 1

NG (100) £ |11)) (1.71)

which are called Bell states.
Remarkably, a CNOT gate acting on a separable state can produce an entagled
state, and viceversa. For instance:

o 1 1
CNOT — (|00 10)) = — (|00 11)), 1.72
7 (100) + 110)) 7 (100) + 111)) (1.72)
while 1 )
CNOT — (|00 11)) = — (|00 10)) . 1.73
7 (100) + [11)) 7 (100) + 110)) (1.73)
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1.3 Quantum Statistical Mechanics

Statistical mechanics aims to describe macroscopic properties of complex systems
starting from their microscopic components by using statistical averages. Statistical
mechanics must reproduce the general results of Thermodynamics both at equilib-
rium and out of equilibrium. Clearly, the problem is strongly simplified if the system
is at thermal equilibrium. Here we discuss only quantum systems at thermal equilib-
rium and consider a many-body quantum system of identical particles characterized
by the Hamiltonian H such that

HENY = EMIEM), (1.74)

where |Ei(N)) are the eigenstates of H for a fixed number N of identical particles and
EIN are the corresponding eigenenergies.

1.3.1 Microcanonical Ensemble

In the microcanonical ensemble the quantum many-body system in a volume V has
a fixed number N of particles and also a fixed energy E. In this case the Hamiltonian
H admits the spectral decomposition

0=">"EMEM\EM), (1.75)

1

and one defines the microcanonical density operator as
p=06E—H), (1.76)

where 0(x) is the Dirac delta function. This microcanonical density operator p has
the spectral decomposition

p="> 06 —EMEM) EM). (1.77)

1

The key quantity in the microcanonical ensemble is the density of states (or micro-
canonical volume) W given by

W = Tr[p] = Tr[6(E — H)], (1.78)

namely
w=> 6E-EM). (1.79)
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The ensemble average of an observable described by the self-adjunct operator Ais
defined as

- TrAp] 1 ) e
@) =7 _Wzi:Aii S(E —E;), (1.80)

where Agv) = (El.(N) |A|Ei(N)). The connection with Equilibrium Thermodynamics is
given by the formula

S =kpg In (W), (1.81)

which introduces the entropy S as a function of energy E, volume V and number N
of particles. Note that Eq. (1.81) was descovered by Ludwig Boltzmann in 1872 and
kg = 1.38 x 10723 J/K is the Boltzmann constant. From the entropy S(E, V, N) the
absolute temperature T, the pressure P and the chemical potential . are obtained as

1_(as P_T(aS) __T(as L)
T \oe),y T \av)ey T\ '

which are familiar relationships of Equilibrium Thermodynamics such that
1 P W
dS = —dE + —dV — —dN. (1.83)
T T T

In fact, in the microcanonical ensemble the independent thermodynamic variables
are E, N and V, while T, P and p are dependent thermodynamic variables.

1.3.2 Canonical Ensemble

In the canonical ensemble the quantum system in a volume V has a fixed number N
of particles and a fixed temperature 7. In this case one defines the canonical density
operator as

p=ePH (1.84)

with 3 = 1/(kgT). Here p has the spectral decomposition
A —BEN | p(N)y 2 (N)
p=> e EEMNEN). (1.85)
i

The key quantity in the canonical ensemble is the canonical partition function (or
canonical volume) Zy given by
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Zy = Tr[p] = Trle "1, (1.86)

namely

ApN)
Zy = Ze—fdﬁ’i ) (1.87)

i

The ensemble average of an observable A is defined as

A Tr[A Tr[Ap] _ V) _,,E(N>
A) = = A ! 1.88
& =7 Z (1.88)

where A(N) (E; ™A |A|E; (N)) Notice that the definition of canonical-ensemble aver-
age is the same of the microcanonical-ensemble average but the density of state p is
different in the two ensembles. The connection with Equilibrium Thermodynamics
is given by the formula

Zy =e PP, (1.89)
which introduces the Helmholtz free energy F as a function of temperature 7', volume

V and number N of particles. From the Helholtz free energy F (T, V, N) the entropy
S, the pressure P and the chemical potential . are obtained as

F
S:_(ﬁ_) , P:_(a—F) , M:_(a_F) . (1.90)
3T V,N av T.N 8N T,V

which are familiar relationships of Equilibrium Thermodynamics such that
dF = —SdT — PdV — pudN. (1.91)

In fact, in the canonical ensemble the independent thermodynamic variables are T, N
and V, while S, P and p are dependent thermodynamic variables.

1.3.3 Grand Canonical Ensemble

In the grand canonical ensemble the quantum system in a volume V has a fixed
temperature 7 and a fixed chemical potential y. In this case the Hamiltonian H has
the spectral decomposition

o0
a=>>EMEM EM, (1.92)

N=0 i



16 1 The Origins of Modern Physics
which is a generalization of Eq. (1.75), and one introduces the total number operator
N such that
NEN) = NEM), (1.93)
and consequently N has the spectral decomposition
o
o N N
N = ZZME} WEM). (1.94)
N=0 i
For the grand canonical ensemble one defines the grand canonical density operator as
p = e Pl=uN) (1.95)

with 3 = 1/(kgT) and p the chemical potential. Here p has the spectral decomposi-
tion

pm 3 3 e 0y ) Z Ve ENENYVEDLL (1.96)
N=0 i i

where z = ¢ is the fugacity. The key quantity in the grand canonical ensemble is
the grand canonical partition function (or grand canonical volume) calZ given by

Z = Tr[p] = Tr[e -1V, (1.97)

namely

o0 o0
2= Ze_ﬁ(Ei(N)_”N) - ]\;)ZN Zy. (1.98)

N=0 i

The ensemble average of an observable A is defined as

~ TF[A ﬁ] (N) —ﬁE(N)
= —— = — Aj; 1.99

where A(N) (E; M)A |A|E; (N)) Notice that the definition of grand canonical-ensemble
average is the same of both microcanonical-ensemble average and canonical-enseble
average but the density of state p is different in the three ensembles. The connection
with Equilibrium Thermodynamics is given by the formula

Z =e P2 (1.100)
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which introduces the grand potential €2 as a function of temperature 7, volume V
and chemical potential x. From the grand potential (7, V, u) the entropy S, the
pressure P and the average number N of particles are obtained as

S=—(8—Q) , Pz_(a_Q) , NZ_(a_Q) .10
or V. v T, 8:“’ V. T

which are familiar relationships of Equilibrium Thermodynamics such that
dQY = —SdT — PdV — udN. (1.102)

In fact, in the grand canonical ensemble the independent thermodynamic variables
are T, pand V, while S, P and N are dependent thermodynamic variables.

To conclude this section we observe that in the grand canonical ensemble, instead
of working with eigenstates |El.(N)) of H at fixed number N of particles, one can work
with multi-mode Fock states

[nonina ... neo) = |np) ® 1) @ [n2) @ -+ ® |neo), (1.103)

where |n,,) is the single-mode Fock state which describes n,, particles in the single-
mode state |o) with o« = 0, 1,2, .... The trace Tr which appears in Eq. (1.97) is
indeed independent on the basis representation. We analyze this issue in Chaps. 2
and 7.

1.4 Solved Problems

Problem 1.1
The electromagnetic radiation of the black body has the following energy density
per unit of frequency

) 82 5  hv

V)= —/V ———0f,

P 3 e _

where c is the speed of light in vacuum, 4 is the Planck constant, and 3 = 1/(kgT)
with T absolute temperature and kg Boltzmann constant. Determine the correspond-
ing energy density per unit of wavelength.

Solution
The energy density p(v) is such that

Sz/oop(u)du
0


http://dx.doi.org/10.1007/978-3-319-05179-6_2
http://dx.doi.org/10.1007/978-3-319-05179-6_7
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represents the energy of the radiation per unit of volume, i.e. the energy density. The
linear frequency v is related to the wavelength A by the expression

AV =c.
In practice, v = ¢\~ !, from which
dv = —cA\"2d)\.

By changing variable the energy density becomes

00 @r2
€= / N eﬁhc/)\ 1d)"

and consequently the energy density per unit of wavelength reads

8 2 e
PN =5 G 1

such that
o0
& =/ p(A) dA.
0

Problem 1.2
Calculate the number of photon emitted in 4 s by a lamp of 10 W which radiates

1% of its energy as monochromatic light with wavelength 6, 000 x 10~'9 m (orange
light).

Solution

The energy of one photon of wavelength A and linear frequency v is given by

=hv=h—,
€ v 3

where
h=663x107* Js

is the Planck constant. In our problem one gets

3 x 108 m/s

=33x 107177
6x 103 x 10-10m x

¢ = h% —6.62x10°#75

During the period At = 4 s the energy of the lamp with power P = 10 W is

E=PAtr=10Js x 4s=401].
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The radiation energy is instead

1 40
Ewi=Ex1%=Ex —=—171=041.
100 100
The number of emitted photons is then
E 4
N brd 04T oo,

e 33x10719]

Problem 1.3

On a photoelectric cell it arrives a beam of light with wavelength 6, 500 x 10~1°
m and energy 10° erg per second [1 erg = 107 J]. This energy is entirely used to
produce photoelectrons. Calculate the intensity of the electric current which flows
in the electric circuit connected to the photoelectric cell.

Solution
The wavelength can be written as

A=65%x10"x107""m=6.5x 107" m.
The energy of the beam of light can be written as
E=10%erg=10°x 10777 =10""1.

The time interval is
At =1s.

The energy of a single photon reads

WJZS X 10_19.],

hE =6.6x 10"
eE=n— =0.0 X
)

where £ is the Planck constant and ¢ the speed of light in the vacuum.
The number of photons is thus given by

E 10717
N=—=——"—=33x10".
e 3x10719]
If one photon produces one electron with electric charge e = —1.6 x 1071 C, the

intensity of electric current is easily obtained:

-19 17
I=|eA|Z:I=1.6x10 fx3.3><10 55% 10 2A.
s
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To conclude we observe that with wavelength 6,500 x10~!9 m the photoelectric
effect is possible only if the work function of the sample is reduced, for instance by
using an external electric field.

Problem 1.4
Prove that the simple 2-qubit state

|P2) = col01) + c10]10)

is separable if and only if co; = 0 or cj9 = 0.

Solution
Let us consider two generic 1-qubits, given by

[a) = aal0) + Ball),  [vp) = apl0) + Bpll).

Then
[a)lvB) = aaapl|00) + aaBpl01) + Bac|10) + BaBp(11).

If the 2-qubit state |D,) is separable, it can be written as

[@2) = [1a) @ |9B),

namely

c00|01) 4 ¢10]10) = aaap|00) + aBpl01) + Bacp|10) + BaBp[11).

It follows
opop = BaBp =0, aafp=cot, Paap=-cio.

These conditions are all satisfied only if co; = 0 or cj¢9 = 0, or both.

Further Reading

For special relativity:

W. Rindler, Introduction to Special Relativity (Oxford Univ. Press, Oxford, 1991)
For quantum mechanics:

C. Cohen-Tannoudji, B. Dui, F. Laloe, Quantum Mechanics (Wiley, New York, 1991)
P.AM. Dirac, The Principles of Quantum Mechanics (Oxford University Press,
Oxford, 1982)

For quantum information:

M. Le Bellac, A Short Introduction to Quantum Information and Quantum Compu-
tation (Cambridge University Press, Cambridge, 2006)

For quantum statistical mechanics:

K. Huang, Statistical Mechanics (Wiley, New York, 1987)



Chapter 2
Second Quantization of Light

In this chapter we discuss the quantization of electromagnetic waves, which we also
denoted as light (visible or invisible to human eyes). After reviewing classical and
quantum properties of the light in the vacuum, we discuss the so-called second quan-
tization of the light field showing that this electromagnetic field can be expressed as
a infinite sum of harmonic oscillators. These oscillators, which describe the possible
frequencies of the radiation field, are quantized by introducing creation and annihi-
lation operators acting on the Fock space of number representation. We analyze the
Fock states of the radiation field and compare them with the coherent states. Finally,
we consider two enlightening applications: the Casimir effect and the radiation field
at finite temperature.

2.1 Electromagnetic Waves

The light is an electromagnetic field characterized by the coexisting presence of an
electric field E(r, 7) and a magnetic field B(r, #). From the equations of James Clerk
Maxwell in vacuum and in the absence of sources, given by

V-E=0, (2.1)
V-B=0, (2.2)
VAE = _8_B (2.3)
ot’
VAB= eouoa—E, (2.4)
ot

one finds that the coupled electric and magnetic fields satisfy the wave equations
(Fig. 2.1)
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1o _,
(c—z@—v)h“v 2.5)
1 0? 2
(c—zm—V)Bzo, 2.6)
where
c= =3 x 10® m/s 2.7
NET

is the speed of light in the vacuum. Note that the dielectric constant (electric per-
mittivity) €9 and the magnetic constant (magnetic permeability) o are respectively
g0 = 8.85 x 107 12C2/(Nm?) and 9 = 47 x 1077 V - s/(A - m). Equations (2.5)
and (2.6), which are fully confirmed by experiments, admit monochromatic complex
plane wave solutions

E(r, 1) = Eg ' &0 (2.8)
B(r, 1) = Bye! KT, (2.9)

where k is the wavevector and w the angular frequency, such that
w=ck, (2.10)

is the dispersion relation, with k = |K| is the wavenumber. From Maxwell’s equations
one finds that the vectors E and B are mutually orthogonal and such that

E =B, @2.11)

where E = |E| and B = |B|. In addition they are transverse fields, i.e. orthogonal to
the wavevector k, which gives the direction of propagation of the wave. Notice that
Eq. (2.11) holds for monocromatic plane waves but not in general. For completeness,
let us remind that the wavelength A is given by

A= —, 2.12
X (2.12)
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and that the linear frequency v and the angular frequency w = 27v are related to the
wavelength A and to the wavenumber & by the formulas

)\I/ZZZC. (2.13)

2.1.1 First Quantization of Light

At the beginning of quantum mechanics Satyendra Nath Bose and Albert Einstein
suggested that the light can be described as a gas of photons. A single photon of a
monochromatic wave has the energy

€= hv = hw, (2.14)

where i = 6.63x 10734J- sis the Planck constantand 1 = h/(21) = 1.05x10734J- s
is the reduced Planck constant. The linear momentum of the photon is given by the
de Broglie relations

h
p= Xn = hKk, (2.15)

where n is a unit vector in the direction of k. Clearly, the energy of the photon can
be written also as
eE=pec, (2.16)

which is the energy one obtains for a relativistic particle of energy

€ =/ m2c* + p2c2, (2.17)

setting to zero the rest mass, i.e. m = 0. The total energy H of monochromatic wave
is given by
H="> hwn. (2.18)
N

where n; is the number of photons with angular frequency w and polarization s in the
monochromatic electromagnetic wave. Note that in general there are two possible
polarizations: s = 1, 2, corresponding to two linearly independent orthogonal unit
vectors €1 and &5 in the plane perpendicular to the wavevector k.

A generic electromagnetic field is the superposition of many monochromatic
electromagnetic waves. Calling wy the angular frequency of the monochromatic
wave with wavenumber k, the total energy H of the electromagnetic field is

H=>">" hwn, (2.19)
k K
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where ny is the number of photons with wavevector k and polarization s. The
results derived here for the electromagnetic field, in particular Eq. (2.19), are called
semiclassical, or first-quantization results, because they do not take into account the
so-called “quantum fluctuations of vacuum”, i.e. the following remarkable experi-
mental fact: photons can emerge from the vacuum of the electromagnetic field. To
justify this property of the electromagnetic field one must perform the so-called
second quantization of the field.

2.1.2 Electromagnetic Potentials and Coulomb Gauge

In full generality the electric field E(r, ) and the magnetic field B(r, ) can be
expressed in terms of a scalar potential ¢(r,r) and a vector potential A(r, t) as
follows

A
E=-Voé— 8@7’ (2.20)

B=VAA. 2.21)

Actually these equations do not determine the electromagnetic potentials uniquely,
since for an arbitrary scalar function A (r, t) the so-called “gauge transformation”

OA
¢_>¢/=¢+E’ (2.22)
A A =A—VA, (2.23)

leaves the fields E and B unaltered. There is thus an infinite number of different
electromagnetic potentials that correspond to a given configuration of measurable
fields. We use this remarkable property to choose a gauge transformation such that

V.-A=0. (2.24)

This condition defines the Coulomb (or radiation) gauge, and the vector field A is
called transverse field. For a complex monochromatic plane wave

A(r, 1) = Ag ! ®T—wn (2.25)

the Coulomb gauge (2.24) gives
k-A=0, (2.26)

i.e. A is perpendicular (transverse) to the wavevector k. In the vacuum and without
sources, from the first Maxwell equation (2.1) and Eq. (2.20) one immediately finds
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2 9]
\Y% d)—i—a(V-A):O, (2.27)
and under the Coulomb gauge (2.24) one gets
V2¢ = 0. (2.28)

Imposing that the scalar potential is zero at infinity, this Laplace’s equation has the
unique solution

o(r,1) =0, (2.29)
and consequently
0A
E=—, 2.30
i (2.30)
B=VAA. (2.31)

Thus, in the Coulomb gauge one needs only the electromagnetic vector potential
A(r, t) to obtain the electromagnetic field if there are no charges and no currents.
Notice that here E and B are transverse fields like A, which satisfy Eqs. (2.5) and (2.6).
The electromagnetic field described by these equations is often called the radiation
field, and also the vector potential satisfies the wave equation

1 0? 2
(c_zﬁ _v ) A—o. (2.32)

We now expand the vector potential A(r, ¢) as a Fourier series of monochromatic
plane waves. The vector potential is a real vector field, i.e. A = A* and consequently
we write

ikr —ik-r
A= |:Aks (1) S + AL (1) e—} ek, (2.33)
=4 JV JV

where Ak, (¢) and Ay (¢) are the dimensional complex conjugate coefficients of the
expansion, the complex plane waves ¢'**/+/V normalized in a volume V are the
basis functions of the expansion, and €k and ek, are two mutually orthogonal real
unit vectors of polarization which are also orthogonal to k (transverse polariza-
tion vectors).

Taking into account Egs. (2.30) and (2.31) we get

. eik-r . e—ik-r
E, 1) =— |:Aks(t) —= + A (1) —] Eks> (2.34)
2.2 [0 NG

ik-r e—ik-r

Br.n=> > |:Aks(t) S AL } ik Aeks,  (2.35)
— 4 N7 VvV



26 2 Second Quantization of Light

where both vector fields are explicitly real fields. Moreover, inserting Eq. (2.33)
into Eq. (2.32) we recover familiar differential equations of decoupled harmonic
oscillators:

As (1) + Wi Aks (1) =0, (2.36)

with wy = ck, which have the complex solutions

Aks (1) = Ak (0) e/, 2.37)
These are the complex amplitudes of the infinite harmonic normal modes of the
radiation field.

A familiar result of electromagnetism is that the classical energy of the electro-
magnetic field in vacuum is given by

H= / Pr (g—OE(r, 0%+ —Br, r)z), (2.38)
2 2p0
namely
H = /d3r (5—0(6A(r’ Oy v n)*) (2.39)
B 2% Ot 2110 ’ ’

by using the Maxwell equations in the Coulomb gauge (2.30) and (2.31). Inserting
into this expression Eq. (2.33) or Eqgs. (2.34) and (2.35) into Eq. (2.38) we find

H=>)">" cw; (Af,Aks + AsAf) . (2.40)
k N

Itis now convenient to introduce adimensional complex coefficients ays () and af;x (1)
related to the dimensional complex coefficients Ak (#) and A;gs (t) by

| h
Ags (1) = oot ags (1). (2.41)
* h/ *
AL(1) = lza)w,c ag, (0). (2.42)

In this way the energy H reads

o
H=3% =% (i +axay,). (2.43)
k s

This energy is actually independent on time: the time dependence of the complex
amplitudes ay (¢) and ax, (t) cancels due to Eq. (2.37). Instead of using the complex
amplitudes a; (t) and ax; () one can introduce the real variables
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2h 1 i
qis (1) = \/;k 5 (ks (1) + ag, (1)) (2.44)

1
Pxs (1) = v/ 2hwg > (aks (1) — ag, (1)) (2.45)

i

such that the energy of the radiation field reads

2
ZZ Pis 1 55
kK s

This energy resembles that of infinitely many harmonic oscillators with unitary mass
and frequency wy. It is written in terms of an infinite set of real harmonic oscillators:
two oscillators (due to polarization) for each mode of wavevector k and angular
frequency wy.

2.2 Second Quantization of Light

In 1927 Paul Dirac performed the quantization of the classical Hamiltonian (2.46)
by promoting the real coordinates gk and the real momenta py, to operators:

dks = ks> (2.47)
Pks = Dks» (2.48)

satisfying the commutation relations
[éksa ﬁk’s’] = ih(sk,k/ 5s,s’a (249)

where [A, B] = AB — BA. The quantum Hamiltonian is thus given by
Pey 1
H= 2wk ) 2.50

The formal difference between Eqs. (2.46) and (2.50) is simply the presence of the
“hat symbol” in the canonical variables.

Following a standard approach for the canonical quantization of the Harmonic oscil-
lator, we introduce annihilation and creation operators

N Wk [ A i,
= |— — , 2.51
dks oh (ka + r pks) ( )

At Wk [ & i,
Ags = \/ ﬁ (qks - W_k pks) > (2.52)
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which satisfy the commutation relations
[&ks» &1—:/5/] = 5k,k’ 5s,s’v (253)

and the quantum Hamiltonian (2.50) becomes
N 1
H= ho oy axs + = ). 2.54
> S (a3 2.5

Obviously this quantum Hamiltonian can be directly obtained from the classical one,
given by Eq. (2.43), by promoting the complex amplitudes axs and a;;; to operators:

aks — dks, (2.55)
at, > i, (256)

satisfying the commutation relations (2.53).

The operators dgy and Ezl; act in the Fock space F, i.e. the infinite dimensional
Hilbert space of “number representation” introduced in 1932 by Vladimir Fock. A
generic state of this Fock space F is given by

| Rk e MRy e R ), (2.57)

meaning that there are ng; photons with wavevector k and polarization s, ny/y pho-
tons with wavevector k” and polarization s’, ny»s» photons with wavevector k” and
polarization s”, et cetera. The Fock space F is given by

o0
F=Ho@H @Hs®@H3® - & Hoo = D) Ha. (2.58)
n=0

where
Hy=HOH® --- @ H=H" (2.59)

is the Hilbert space of n identical photons, which is n times the tensor product ® of

the single-photon Hilbert space H = H®!. Thus, F is the infinite direct sum @ of
increasing n-photon Hilbert states H,, and we can formally write

o0
F= EB HE". (2.60)
n=0

Notice that in the definition of the Fock space F one must include the space Ho =
H®0, which is the Hilbert space of 0 photons, containing only the vacuum state

0)=1]...0...0...0...), 2.61)
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and its dilatations +|0) with  a generic complex number. The operators dxy and &lfs
are called annihilation and creation operators because they respectively destroy and
create one photon with wavevector k and polarization s, namely

aks| . ks ...) = Snks | .onks —1...), (2.62)
afloonks ) =g+ g+ ). (2.63)

Note that these properties follow directly from the commutation relations (2.53).
Consequently, for the vacuum state |0) one finds

dks|0) = OF, (2.64)
ag10) = |1is) = [ks), (2.65)

where OF is the zero of the Fock space (usually indicated with 0), and |Kks) is clearly
the state of one photon with wavevector k and polarization s, such that

eik~r
(rlks) = ——ek;. (2.66)
N2
From Egs. (2.62) and (2.63) it follows immediately that
Nis = ) dxy (2.67)

is the number operator which counts the number of photons in the single-particle
state |Kks), i.e. A
Nks| .. nks ...) =nks | ... ks ... ). (2.68)

Notice that the quantum Hamiltonian of the light can be written as
A A 1
H= hwi | N -1, 2.69
= Sh (fuc+ 3) .69

and this expression is very similar, but not equal, to the semiclassical formula (2.19).
The differences are that Nk, is a quantum number operator and that the energy E, ;.
of the the vacuum state |0) is not zero but is instead given by

Epae = % Z %m}k. (2.70)

A quantum harmonic oscillator of frequency wg has a finite minimal energy Awy,
which is called zero-point energy. In the case of the quantum electromagnetic field
there is an infinite number of harmonic oscillators and the total zero-point energy,
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given by Eq. (2.70), is clearly infinite. The infinite constant E,,,. is usually eliminated
by simply shifting to zero the energy associated to the vacuum state |0).

The quantum electric and magnetic fields can be obtained from the classical
expressions, Egs. (2.34) and (2.35), taking into account the quantization of the clas-
sical complex amplitudes aks and g, and their time-dependence, given by Eq. (2.37)
and its complex conjugate. In this way we obtain

h .
Er, 1) _lzz 26‘:’; [ eitkr—wit) _ ot e—Uk'f—W)] ks 2.71)

h
B — i(kr—wit) _ A+ —l(k r—wit) 2.72
(r,1) = 2 E 2eowrV I:ak e Ays ] |k| A eks- ( )

It is important to stress that the results of our canonical quantization of the radi-
ation field suggest a remarkable philosophical idea: there is a unique quantum elec-
tromagnetic field in the universe and all the photons we see are the massless particles
associated to it. In fact, the quantization of the electromagnetic field is the first step
towards the so-called quantum field theory or second quantization of fields, where all
particles in the universe are associated to few quantum fields and their corresponding
creation and annihilation operators.

2.2.1 Fock Versus Coherent States for the Light Field

Let us now consider for simplicity a linearly polarized monochromatic wave of the
radiation field. For instance, let us suppose that the direction of polarization is given
by the vector €. From Eq. (2.71) one finds immediately that the quantum electric
field can be then written in a simplified notation as

E(r, 1) =

S i[a [ Qi) _ at —ilkr— wt)] (2.73)
€0

where w = wy = c|k|. Notice that, to simplify the notation, we have removed the
subscripts in the annihilation and creation operators @ and a ™. If there are exactly n
photons in this polarized monochromatic wave the Fock state of the system is given
by

@*)" o). (2.74)

It is then straightforward to show, by using Egs. (2.62) and (2.63), that

(n|E(r, 1)|n) = 0, (2.75)
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for all values of the photon number n, no matter how large. This result holds for
all modes, which means then that the expectation value of the electric field in any
many-photon Fock state is zero. On the other hand, the expectation value of E (r,1)?
is given by

1

B, 0tm) = 22 (4 L) 2.76)
eV 2

For this case, as for the energy, the expectation value is nonvanishing even when
n = 0, with the result that for the total field (2.71), consisting of an infinite number
of modes, the expectation value of E (r, 1)2 is infinite for all many-photon states,
including the vacuum state. Obviously a similar reasoning applies for the magnetic
field (2.72) and, as discussed in the previous section, the zero-point constant is usually
removed.

One must remember that the somehow strange result of Eq. (2.75) is due to the
fact that the expectation value is performed with the Fock state |n), which means
that the number of photons is fixed because

Nin) = nln). (2.77)

Nevertheless, usually the number of photons in the radiation field is not fixed, in
other words the system is not in a pure Fock state. For example, the radiation field of
a well-stabilized laser device operating in a single mode is described by a coherent
state |«), such that

ala) = ala), (2.78)

with
(ala) = 1. (2.79)

The coherent state |«), introduced in 1963 by Roy Glauber, is thus the eigenstate of
the annihilation operator a with complex eigenvalue o = lalet?. |a) does not have
a fixed number of photons, i.e. it is not an eigenstate of the number operator N, and
it is not difficult to show that |«) can be expanded in terms of number (Fock) states
|n) as follows

ja) = e71oF2 " LY (2.80)

N = (a|N]a) = |af?, (2.81)

and it is natural to set

a=VNe", (2.82)
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where N is the average number of photons in the coherent state, while 6 is the phase
of the coherent state. For the sake of completeness, we observe that

(@lN?a) = |a)? + |a* = N + N? (2.83)
and consequently R . _
(a|N?|a) = (a|N|a)* = N, (2.84)
while .
(n|N2In) = n’ 2:85)
and consequently R .
(n|N?|n) — (n|N|n)* = 0. (2.86)

The expectation value of the electric field E(r, 1) of the linearly polarized mono-
chromatic wave, Eq. (2.73), in the coherent state |«) reads

N [2Nhw .
(a|E(r, t)|a) = — v sin(k-r —wr + 0) e, 2.87)
€0

while the expectation value of E(r,0n)?is given by

. 2N hw
(|E(r, 1)?|a) = sin(k - ¥ — wt + 0). (2.88)

These results suggest that the coherent state is indeed a useful tool to investigate the
correspondence between quantum field theory and classical field theory. Indeed, in
1965 at the University of Milan Fortunato Tito Arecchi experimentally verified that a
single-mode laser is in a coherent state with a definite but unknown phase. Thus, the
coherent state gives photocount statistics that are in accord with laser experiments
and has coherence properties similar to those of a classical field, which are useful
for explaining interference effects.

To conclude this subsection we observe that we started the quantization of the light
field by expanding the vector potential A(r, ) as a Fourier series of monochromatic
plane waves. But this is not the unique choice. Indeed, one can expand the vec-
tor potential A(r, #) by using any orthonormal set of wavefunctions (spatio-temporal
modes) which satisfy the Maxwell equations. After quantization, the expansion coef-
ficients of the single mode play the role of creation and annihilation operators of
that mode.
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2.2.2 Linear and Angular Momentum of the Radiation Field

In addition to the total energy there are other interesting conserved quantities which
characterize the classical radiation field. They are the total linear momentum

P= /d3r o E(r, 1) AB(r, 1) (2.89)
and the total angular momentum
J= /d3r eor A (E(r, 1) AB(r, 1)). (2.90)

By using the canonical quantization one easily finds that the quantum total linear
momentum operator is given by

P=>">"1k (Nks + %) (2.91)
k s

where 7K is the linear momentum of a photon of wavevector k.

The quantization of the total angular momentum J is a more intricate problem.
In fact, the linearly polarized states |Ks) (w1th s = 1,2) are elgenstates of H and
P, but they are not eigenstates of J., nor of J2, and nor of J The eigenstates of
J? and J do not have a fixed wavevector k but only a fixed wavenumber k = IK|.
These states, which can be indicated as |kjm s), are associated to vector spherical
harmonics Y j u; (6, ¢), with 6 and ¢ the spherical angles of the wavevector k. These

states |kjm js) are not eigenstates of P but they are eigenstates of H, J? and fz,
namely

Hkjms) = cklkjm s) (2.92)
Plkjmj) = j(j + DR |kjms) (2.93)
Jolkjmjs) = mhlkjms) (2.94)

withm; = —j,—j+1,...,j—1,jand j = 1,2,3,.... In problems where the
charge distribution which emits the electromagnetic radiation has spherical symmetry
it is indeed more useful to expand the radiation field in vector spherical harmonics
than in plane waves. Clearly, one can write

Ks) = D cjm, (0. $)lkjmjs), (2.95)

jmj
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where the coefficients ¢y, (6, ¢) of this expansion give the amplitude probability of

finding a photon of fixed wavenumber k = |k| and orbital quantum numbers j and
m j with spherical angles ¢ and ¢.

2.2.3 Zero-Point Energy and the Casimir Effect

There are situations in which the zero-point energy E,, of the electromagnetic field
oscillators give rise to a remarkable quantum phenomenon: the Casimir effect.

The zero-point energy (2.70) of the electromagnetic field in a region of volume
V can be written as

1 d’k
Evac = E E Ehc,/k§+k§+k§: v/ (27r)3hc,/k§+k§+kz2 (2.96)
k s

by using the dispersion relation wy = ck = c, /k% + k}2 + k2. In particular, consid-

ering a region with the shape of a parallelepiped of length L along both x and y and
length a along z, the volume V is given by V = L2a and the vacuum energy E .
in the region is

T Ldky [T Ldky [t adk
E,m.zhc/ 27r/ 27r/ —— R+ K2+ k2

—00 —00 —0o0

2m
he o [ o ,  n’m?
_%L/O dk”/q,[/o dn,/k”+a—2], (2.97)

where the second expression is obtained setting kj = ,/kZ + k§ and n = (a/m)k;
(Fig. 2.2).

Let us now consider the presence of two perfect metallic plates with the shape
of a square of length L having parallel faces lying in the (x, y) plane at distance a.
Along the z axis the stationary standing waves of the electromagnetic field vanishes
on the metal plates and the k, component of the wavevector Kk is no more a continuum
variabile but it is quantized via

T
k, =n—, (2.98)

a
where now n = 0, 1,2, ... is an integer number, and not a real number as in Eq.

(2.97). In this case the zero-point energy in the volume V = L?a between the two
plates reads

he o0 k n2q2
l 2 I 2
E,. = > L /O dk”k”[_Z + E k” +— ], (2.99)

n=1
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Fig. 2.2 Graphical represen-
tation of the parallel plates in
the Casimir effect

Casimir 27 i ‘//f

Vacuum
Plates fluctuations

where for k, = 0 the state |(k;, ky, 0)1) with polarization €k parallel to the z axis
(and orthogonal to the metallic plates) is bound, while the state |(k;, ky, 0)2) with
polarization ek» orthogonal to the z axis (and parallel to the metallic plates) is not
bound and it does not contribute to the discrete summation.

The difference between E| . and E,,. divided by L? gives the net energy per
unit surface area £, namely

E{)ac_Evac _ lic (m\3r11 . *
g = Fra ~Frac _ 1M1 40 + 240 —/0 dn A)]. @100

where we have defined

+o0
A(n)=/ d¢CV ¢ +n =%[(n2+oo)3/2—n3], (2.101)
0

with ¢ = (a/m)kj. Notice that A(n) is clearly divergent but Eq. (2.100) is not
divergent due to the cancellation of divergences with opposite sign. In fact, by using
the Euler-MacLaurin formula for the difference of infinite series and integrals

lA(O)+§:A( ) /ood A(n) : dA(0)+ ! d3A(0)
- n) — n n)————— _—
2 = 0 6-2!dn 30 - 4! dn3
: dSA(O) + (2.102)
42 - 6! dnd '

and Eq. (2.101) from which

A ©0) =0 d’A 0)=-2 dSA(O) =0 (2.103)
dn"’ 7 dn3 T dnd - '
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and all higher derivatives of A(n) are zero, one eventually obtains

2
= he
E=—r—. 2.104
720 a3 ( )
From this energy difference £ one deduces that there is an attractive force per unit
area F between the two plates, given by

dE_ 72 he

F=—-—=———.
da 240 a*

(2.105)

Numerically this result, predicted in 1948 by Hendrik Casimir during his research
activity at the Philips Physics Laboratory in Eindhoven, is very small

1.30 x 1072'N m?

F=
at

(2.106)

Nevertheless, it has been experimentally verified by Steven Lamoreaux in 1997 at
the University of Washington and by Giacomo Bressi, Gianni Carugno, Roberto
Onofrio, and Giuseppe Ruoso in 2002 at the University of Padua.

2.3 Quantum Radiation Field at Finite Temperature

Let us consider the quantum radiation field in thermal equilibrium with a bath at the
temperature 7'. The relevant quantity to calculate all thermodynamical properties of
the system is the grand-canonical partition function Z, given by

Z = Trle P11 (2.107)
where 3 = 1/(kgT) with kg = 1.38 x 10723 J/K the Boltzmann constant,
H=>>">"hw Ny, (2.108)
K s
is the quantum Hamiltonian without the zero-point energy,

N = Zz Nis (2.109)
k K

is the total number operator, and 4 is the chemical potential, fixed by the conservation
of the particle number. For photons 1 = 0 and consequently the number of photons
is not fixed. This implies that
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Z=> (. ng ... le P o )
{nks}
=S (o . e PR BNy
{nKs}
_ Z —6 > ks Pwrnis _ Z H o~ Phwinks
{nks} {nks} ks
o0
IR DI
ks 7nks ks n=0
1
=11 T (2.110)
ks

Quantum statistical mechanics dictates that the thermal average of any operator Ais
obtained as

~ 1 ~ S o
(A)p = STr1A e PH=pN) (2.111)

In our case the calculations are simplified because p = 0. Let us suppose that A=H,
it is then quite easy to show that

) s 9 . P
_ —fHy _ _ Y —0H _
(Hyr = ZTrif e M= - (Tr[e ]) =-g5 @, @)

By using Eq. (2.110) we immediately obtain
) =33 (1 - e—ﬁm’k), (2.113)
k N

and finally from Eq. (2.112) we get

T_ZZ /jhwk_ _ZZ huwi (Nigs) 7 (2.114)

In the continuum limit, where

d’k
Z / G (2.115)

with V the volume, and taking into account that wy = ck, one can write the energy
density £ = (H)7/V as

P’k chk ch K3
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where the factor 2 is due to the two possible polarizations (s = 1,2). By using
w = ck instead of k as integration variable one gets

A 00 w3 00

where

w3

= —— 2.118
p@) = (2.118)

is the energy density per frequency, i.e. the familiar formula of the black-body radi-
ation, obtained for the first time in 1900 by Max Planck. The previous integral can
be explicitly calculated and it gives

2.4
Tkp 4

= —L2- T 2.119
15¢3R3 ( )

which is nothing else than the Stefan-Boltzmann law. In an similar way one deter-
mines the average number density of photons:

n —=

(Nyy 1 [ P 2B,
= m/0 do o = = 2T, (2.120)

where ((3) ~ 1.202. Notice that both energy density £ and number density n of
photons go to zero as the temperature 7' goes to zero. To conclude this section, we
stress that these results are obtained at thermal equilibrium and under the condition of
a vanishing chemical potential, meaning that the number of photons is not conserved
when the temperature is varied.

2.4 Phase Operators

We have seen that the ladder operators @ and @™ of a single mode of the electromag-
netic field satisfy the fundamental relations

aln) = /njn—1), (2.121)
atlny =vVn+1|n+1), (2.122)

where |n) is the Fock state, eigenstate of the number operator N = ata and describ-
ing n photons in the mode. Ramarkably, these operator can be expessed in terms of
the Fock states as follows
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o]

a= Y Vutln)n+ 1= 0011+ V2)Q2 + V323 +--,  (2.123)
n=0
o0

= > NVt 1+ Dl = )0+ V22) (11 + V313) 2] +--- . (2.124)
n=0

It is in fact straightforward to verify that the expressions (2.123) and (2.124) imply
Eqgs. (2.121) and (2.122).
We now introduce the phase operators

A

f=aN"'2 ft=N"124", (2.125)

which can be expressed as

>
I
[Me

In){n + 11 = 0) (1] + 1) 2] +12)(3] + -, (2.126)

3
Il
=}

A

fr In+ 1) {n| = [1){O0] + 2)(1]| + [3)2[ + - - -, (2.127)

M

3
Il
=}

and satisfy the very nice formulas

flny = n—1), (2.128)
frin) = 1n+1), (2.129)

showing that the phase operators act as lowering and raising operators of Fock states
without the complication of coefficients in front of the obtained states.

The shifting property of the phase operators on the Fock states |n) resembles that
of the unitary operator e'p/n acting on the position state |x) of a 1D particle, with p
the 1D linear momentum which is canonically conjugated to the 1D position operator
X. In particular, one has

Py = |x — 1), (2.130)
eIy = |x 4+ 1). (2.131)

Due to these formal analogies, in 1927 Fritz London and Paul Dirac independently
suggested that the phase operator f can be written as

A

F=e®, (2.132)

where © is the angle operator related to the number operator N = ata. But, contrary
to ¢'?/"_ the operator f is not unitary because

A A At

fit=1, frf=1-1000L (2.133)



40 2 Second Quantization of Light
This implies that the angle operator © is not Hermitian and
fr=ei0", (2.134)

In addition, a coherent state |«v) is not an eigenstate of the phase operator f . However,
one easily finds

00 2n
flay = aelol o]
ol fla) = ae —_— 2.135
(al fla) nz:o PICES ( )
and observing that for x >> 1 one gets >_7 % ~ f/—} this implies
(@l flo) = ;o = e, (2.136)
o

for N = |o|? > 1, with a = v/ Ne'? . Thus, for a large average number N of photons
the expectation value of the phase operator f on the coherent state |«v) gives the phase
factor ¢'? of the complex eigenvalue « of the coherent state.

2.5 Solved Problems

Problem 2.1
Show that the eigenvalues n of the operator N = a™a are non negative.

Solution .
The eigenvalue equation of N reads

ataln) = n|n).

We can then write
(nla*aln) = ninln) = n,

because the eigenstate |n) is normalized to one. On the other hand, we have also
(nla*aln) = (aln)* (@ln)) = |@n))|?

Consequently, we get
n=|(@ln))* = 0.

We stress that we have not used the commutations relations of & and a*. Thus we
have actually proved that any operator N given by the factorization of a generic
operator @ with its self-adjunct 4™ has a non negative spectrum.
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Problem 2.2

Consider the operator N = aTa, where a and a* satisfy the commutation rule
aat — ata = 1. Show that if |n) is an eigenstate of N with eigenvalue n then a|n)
is an eigenstate of N with eigenvalue n — 1 and a™|n) is an eigenstate of N with
eigenvalue n + 1.

Solution
We have .
Naln) = (aTa)aln).

The commutation relation between @ and a* can be written as

+ +_1.

ata=aa

This implies that
Naln) = (aa* — Daln) = a@*ta — Dn) = (N — D|n) = (n — Daln).
Finally, we obtain

Natiny = @ta)atin) =at@aHin) =at@ta+ Din) =at (N + Din)

=+ Da"|n).

Problem 2.3

Taking into account the results of the two previous problems, show that the spectrum
of the number operator N = aTa, where a and a* satisfy the commutation rule
aat — ata =1, is the set of integer numbers.

Solution
We have seen that N has a non negative spectrum. This means that N possesses a
lowest eigenvalue ng with |ng) its eigenstate. This eigenstate |ng) is such that

alng) = 0.

In fact, on the basis of the results of the previous problem, a|ng) should be eigenstate
of N with eivenvalue no— 1 but this is not possible because ng is the lowest eigenvalue
of N. Consequently the state d|ng) is not a good Fock state and we set it equal to 0.
In addition, due to the fact that

Nlng) = nolno)
= atalng) = a* (alno)) =at (0) =0

we find that ng = 0. Thus, the state |0), called vacuum state, is the eigenstate of N
with eigenvalue 0, i.e. .
N10) = 0]0) =0,
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but also
al0)y = 0.

Due to this equation, it follows that the eigenstates of N are only those generated by
applying m times the operator 4™ on the vacuum state |0), namely

1
v m!

where the factorial is due to the normalization. Finally, we notice that it has been
shown in the previous problem that the state |m) has integer eigenvalue m.

Problem 2.4
Consider the following quantum Hamiltonian of the one-dimensional harmonic oscil-
lator

@nmo),

Im) =

By using the properties of the annihilation operator

R mw [ . n i .
a=.,—\x+—p),
2h mw P
determine the eigenfunction of the ground state of the system.

Solution
Let us observe the following property of the annihilation operator

(xla = /2% (x + iﬁ) (x.

In addition, from

x|al0 _—‘l X + x]0) = 0.

Introducing the characteristic harmonic length

the adimensional coordinate
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and the adimensional eigenfunction
Un(®) = Iy Yn(Eln),
we obtain

9\ -
()z + ﬁ) Po(x) = 0.

The solution of this first order differential equation is found by separation of variables:

from which
_ 1 —x?
o (x) = AP\ 5 )
having imposed the normalization
/ di [fo(®)|* = 1.

Problem 2.5
Consider the quantum Hamiltonian of the two-dimensional harmonic oscillator

P+ p3

n 1
H = 2 4 —mr(EE 43D,
2m 5Mw &+ 2)

By using the properties of the creation operators

it = (MY _ s k=1.2
% =y 2p (xk mwpk), ,

determine the eigenfunctions of the quantum Hamiltonian with eigenvalue 6/w.

Solution
The eigenvalues of the two-dimensional harmonic oscillator are given by

Enlnz = h/w(nl +no2 + 1)5

where ny,ny =0, 1,2, 3, ... are the quantum numbers.
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The eigenstates |nn,) corresponding to the eigenvalue 6/w are:

[50), |41), [32), [23), |14), 05).
Thus the eigenfunctions to be determined are

ds0(x1,x2), @a1(x1,Xx2),  P32(x1,x2), @23(x1,x2), P1a(xy,x2), ¢os(x1, x2).

In general, the eigenfunctions ¢y, (X1, x2) = (x1x2/n1n2) can be factorized as
follows

(bnlnz (x1,x2) = '(/}m (x1) "/’nz(XZ)

where ¢, (xj) = (xjln;), j = 1,2. It is now sufficient to calculate the following
eigenfunctions of the one-dimensional harmonic oscillator:

Yo(x), Y1(x), Ya(x), Y3(x), Ya(x), Ps(x).

We observe that the creation operator of the one-dimensional harmonic oscillator
satisfies this property
At mw h 8
xlam = /—x— — =) (xl,
a 2h ( mw 0x ol
and consequently

h 0O h 0O
(xlatiny = %(x—mf)—x)uw=,/%(x—ﬂa—x)wn<x>.

Reminding that

atimy =vn+1n+ 1),

we get

(xln+1) = (xla*|n),

and the iterative formula

Ung1(x) =

1 mw B h 0
Vn+1 2_h( _a)w”(x)'

mw
Now we introduce the characteristic harmonic length

h
lg =4 —,
mw



2.5 Solved Problems 45

the adimensional coordinate

and the adimensional wavefunction

V() = Ly Y (xlp),

finding
0

1 -
V2" n! (x 0%

The function 1)y (¥) of the ground state is given by (see Exercise 1.4)

Un (%) = ) Yo (%).

- 1 —52
Po(x) = —ija &XP (T)

Let us now calculate the effect of the operator

2y

Forn = 1:
_ 0 —x? . —x?
——)exp| — ) = exp| — ).
05 ) P\ 2 R
Forn = 2:
o 2e . Qi2—-1)e —
X — — xpl — ) = 2x° — xp|{ — ).
i) P\ 2 P\ 2
For n = 3:
GRS —x2 4 —x2
(x——)_c) exp(T)_(éﬁx —12x) exp(T).
For n = 4

9\ 72 —x2
— — ) = (16x* — 4832 + 12 — ).
(-8 () o)

5 ) —x?

(;—3_) exp (_x) — (32%° — 16053 + 120%) exp (i)

X 2 2
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Finally, the eigenfunctions of H with eigenvalue 6/w are linear combinations of
functions ¢, (x1, x2), namely

D(xy,x2) = chlnz Gnyny (X1, X2) Ony4ns.5,

ninz

where the coefficients c,,,, are such that

2
Z |Cn1nz| 6n1+n2,5 =1.

ninz

Problem 2.6
Show that the coherent state |a), defined by the equation

ala) = ala),

can be written as
o0

o) = Ze—lalz/Zo‘—nm).
n=0 \/m

Solution
The coherent state |a) can be expanded as

) = D caln).
n=0

Then we have

o0 o0 o0 o0
aloy =ap cln) =D cnitln) = D cas/nln = 1) = D cnprv/n + 1in)
n=0 n=0 n=1 n=0
o o0
ala) = achm) = Zacnm).
n=0 n=0

Since, by definition
ala) = ala),

it follows that

r1vn+1=acy

from which o

C = ——
n+1 m

Cn,
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namely

] =

—=C0, €2 = —F=C0, €3 = —=C0, * "
V1 V2! V3!

and in general

cp = co.

S

Summarizing

n=0

where the parameter cg is fixed by the normalization
2
1 = (ala) = |col? Z — = co* ",

and consequently

a2
co = 1P 2,

up to a constant phase factor.

Problem 2.7
Calculate the probability of finding the Fock state |n) in the vacuum state |0).

Solution
The probability p is given by

lifn =
— 2 _ —
p=10mP =00, =10t 2o
Problem 2.8
Calculate the probability of finding the coherent state |«) in the vacuum state |0).
Solution
The probability is given by
= |0l

Because

a" 25 1 2
0la) = (0] —laf? /2 e*lal e 0|n) —e 1ol 2 __ — plal?/2,

Z Z 7
we get
|af?

p=e
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Problem 2.9
Calculate the probability of finding the coherent state |«) in the Fock state |n).
Solution
The probability is given by
p = lnla).
Because
) = (0 Z ~lal? /2 o Z a2z " ( im) = e-laPr2
(n|a e nlm) =e —,
m=0 \/m
we get
2
p= el O‘_",
n!

which is the familiar Poisson distribution.

Problem 2.10
Calculate the probability of finding the coherent state |«) in the coherent state |3).

Solution

The probability is given by
= |(Bla)I?

Because

_ o/” _ _ B")"
(Bla) laf? /2 181 124 la?/287 )
o) = 01 e PG =3 5 o i)
n=0m=0
_ e—(la\2+|ﬁ|2)/2z (B* ('1)” — ¢~(aP+IBP)/2 ' _ —(aP+I8P-2a8"2,
S
we get

p = ela=B,

This means that two generic coherent states |«) and |3) are never orthogonal to each
other.

Further Reading
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York, 1984)
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Chapter 3
Electromagnetic Transitions

In this chapter we investigate the crucial role of the quantum electromagnetic field
on the spontaneous and stimulated transitions between two atomic quantum states.
After reviewing some properties of classical electrodynamics, we analyze the quan-
tum electrodynamics within the dipole approximation. We calculate the rate of spon-
taneous emission, absorption, and stimulated emission and connect them with the
transition coefficients introduced by Einstein. Finally, we discuss the life time of an
atomic state and the line width of an electromagnetic transition.

3.1 Classical Electrodynamics

Let us consider a classical system composed of N particles with masses m;, electric
charges g;, positions r; and linear momenta p;, under the presence of an electromag-
netic field. The Hamiltonian of free matter is given by

N 2
P

) 3.1
o (3.1

Hfree =
i=1

where pi2 /(2Cm;) = pi2 /(2m;) is the kinetic energy of ith particle. The presence of the
electromagnetic field is modelled by the Hamiltonian

H = thift + Hyaas (3.2)
where
N 2
(Pi —giA)
Hyip = > —— 220 4 4i oy, 33
shift Z 2m; qi ¢l (3.3)
i=1
L. Salasnich, Quantum Physics of Light and Matter, UNITEXT for Physics, 51
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with A; = A(r;, 1), ¢; = &(x;, t), where ¢(r, t) and A(r, 1) are the electromagnetic
potentials and

|
Hy = / Br (LB, 0+ — B2 )., (3.4)
2 20

is the radiation Hamiltonian. We observe that by using the Hamilton equations

. OHgp
P = — 3.5
fi= (3.5)
OHgpi
b=t (3.6)
r;

on the shift Hamiltonian (3.3) it is straightforward to derive Newton equations with
the Lorentz force acting on the ith particle

0A;
mit; = q; (—Vi¢i ~ +Vvin(Vin Ai)) =qi(E +Vv;AB) 3.7

where v; = I; and, as always, the electric field E is obtained as

E= v 2 (3.8)
B o’ '
while the magnetic field B can be written as
B=V AA. (3.9)

In Eq. (3.4) it appears the transverse electric field Er which, in the Coulomb gauge
V - A =0, is related to the total electric field E by the following decomposition into
longitudinal E;, and transverse E7 fields

E=E; +Er, (3.10)

such that 9A
EL=-V¢, Er =———. 3.11
L ¢, Er T (.11
Remarkably, the longitudinal electric field E; gives rise to the instantaneous
electrostatic interaction between the charges. Indeed, Eq. (3.3) can be rewritten as

N 2
Hoipr =D M + He, (3.12)

2m
i=1 !
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where
N | N 4
H- — b — — #, 3.13
c ;W’ 2”2_1 reolrs 1] (3.13)

is the Hamiltonian of the Coulomb interaction. The Hamiltonian Hy;;; can be further
decomposed as follows
Hshiﬁ = Hyarr + H, (3.14)

where
Hyare = Hfree + Hce (315)

is the Hamiltonian of the self-interacting matter and
(@ q;
H; = —ZA; - pi + ——A? (3.16)
z( m o 2my !

i=1

is the interaction Hamiltonian between matter and radiation. Combining the above
results, we obtain the complete Hamiltonian

H = Hshifz + Hyaa = Hyarr + Hyag + H. (3.17)

Notice, however, that this Hamiltonian does not take into account the possible spin
of particles.

3.2 Quantum Electrodynamics in the Dipole Approximation

The quantization of electrodynamics is obtained promoting the classical Hamiltonian
of the system to a quantum Hamiltonian. For simplicity we consider the hydrogen
atom with Hamiltonian

Y] 2
p e
=—— , 3.18
" om Areglr] G.18)
where p = —ihV is the linear momentum operator of the electron in the state |p), in
the presence of the radiation field with Hamiltonian
Hyag = D D T e, (3.19)
k K

where ag, and dx, are the annihilation and creation operators of the photon in the
state |ks). Here —e is the electric charge of the electron, e = 1.60 x 10719 Cis the
electric charge of the proton, and m = m.my,/(m, + my,) > m, is the reduced mass
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of the electron-proton system, with m, = 9.11 x 1073 kg the electron mass and
my = 1.67 x 10~%7 kg the proton mass.

We take into account the matter-radiation interaction by using the so-called dipolar
Hamiltonian

A~

Hp = £A0, 1) - p. (3.20)
m

With respect to the complete interaction Hamiltonian Hy, given in our case by
Eq. (3.16) with N = 1, we neglect the term e2A2? /(2m) of Eq. (3.16) which rep-
resents only a tiny perturbation in the atomic system. In addition, we also neglect the
spatial variations in the vector potential operator

~ h R I R T
Acn=>> T [aks gitkr—et) 4 ot gtk wm] . (321)
k s

This dipolar approximation, which corresponds to

. 1
elk"':1+ik-r+§(ik~l‘)2+'-'21, (3.22)

. 1
e—’k‘rzl—ik~r+§(ik'l‘)2+"'21, (3.23)

is reliable if k - r < 1, namely if the electromagnetic radiation has a wavelength
A = 2m/|K| very large compared to the linear dimension R of the atom. Indeed,
the approximation is fully justified in atomic physics where A ~ 10~ m and R ~
10719 m. Notice, however, that for the ~ electromagnetic transitions of atomic nuclei
the dipolar approximation is not good and it is more convenient to expand the vector
potential operator A(r, t) into vector spherical harmonics, i.e. photons of definite
angular momentum.
The total Hamiltonian of our system is then given by

H = Hy + Hp, (3.24)
where . . .
Ho = Hiart + Hyaa (325)

is the unperturbed Hamiltonian, whose eigenstates are of the form

)| ks ) =@ ® ... ks ) (3.26)

where |a) is the eigenstate of I:Ima,, with eigenvalue E, and | ... ngg ...) it the
eigenstate of H,,4 with eigenvalue st hwpngg, 1.€.
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Aola)| . ) = (Floa + Hrad) 1] s )

- (Ea +> hwknks) la)| ... ‘s ... ). (3.27)

ks

The time-dependent perturbing Hamiltonian is instead given by

~ e h . .
Hp(t) = — [& eIkl 4 ot e’”“] Eks - P. 3.28
() =~ Zklz Sy Laks A ks - P (3.28)

Fermi golden rule: Given the initial |/) and final |F) eigenstates of the unperturbed
Hamiltonian Ho under the presence to the time-dependent perturbing Hamiltonian
Hp, the probability per unit time of the transition from |I) to |F) is given by

27 A 5
Wir = s [{(F|Hp(O)|I)|” d(E; — EF), (3.29)

with the constraint of energy conservation.

This is the so-called Fermi golden rule, derived in 1926 by Paul Dirac on the basis
of the first order time-dependent perturbation theory, and named “golden rule” few
years later by Enrico Fermi.

3.2.1 Spontaneous Emission

Let us now apply the Fermi golden rule to the very interesting case of the hydrogen
atom in the state |b) and the radiation field in the vacuum state |0). We are thus
supposing that the initial state is

[1) = 1b)|0). (3.30)

Notice that, because we are considering the hydrogen atom, one has

A

Hypan|b) = Ep|D), (3.31)
where
B — mc?a? N 13.6eV (3.32)
b= 2n§ o nl% ’

is the well-known quantization formula of the nonrelativistic hydrogen atom with
quantum number n, = 1,2, 3, ... and
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& ! (3.33)
o= ——">> — .
(4reg)he 137
the fine-structure constant. In addition we suppose that the final state is
|F) = |a)|ks), (3.34)

i.e. the final atomic state is |a) and the final photon state is |ks) = |1ks) = &;SIO).
Obviously, we have

Hypar|a) = Eqla), (3.35)
where
mc*a? 13.6eV
E,=— 5~ — 5 (3.36)
2ng n;
with n, = 1,2, 3,.... In this process, where E;, > E,, there is the spontaneous

production of a photon from the vacuum: a phenomenon strictly related to the quan-
tization of the electromagnetic field.
From Egs. (3.28) and (3.29) one finds

2w seN2 h
spont c . N 2 _ _
Wi == (=) (2€Owkv) leks - (alBIB) O(Ey — Ey — hwr),  (337)

because
awy|l) = axy|b)|0) = |b)aky|0) =0, (3.38)
while
oy ll) = a5, 10)10) = b)), ,10) = |b)[K's'), (3.39)
and consequently
(FIpawy|l) =0, (FIpag,Il) = (alplb) Sk x by . (3.40)

Remember that p acts on a different Hilbert space with respect to axs and &;’S. By
using the equation of the linear momentum operator p of the electron

1 N
= ._[ra Hmatl]9 (341)

p
m ih

we get

N 1 A m N N
(alplb) = <a|m£[ra Hyanllb) = E(aermatt — Hypanr|b)

= %(Eb — Eo)(bIr|a) = —imwpqa (alr|b), (3.42)
l
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where wp, = (Ep — E;)/h, and consequently
spont le%a 2
Whaks = Veowr les - {aler|b)|” 0 (hwpq — hwy). (3.43)

The delta function is eliminated by integrating over the final photon states

d’k
Woa " ZZ Woaks =V | 555 22 Waaks
(2m) s=1,2
dkk? / dQ D" Wi (3.44)
s=1,2

where d€2 is the differential solid angle. Because eki, €x» and n = k/k form a
orthonormal system of vectors, setting r,; = (a|r|b) one finds

2 2 2 2 2 2 2
Irap|” = lexi - Tapl® + lewa - Tl + I Tap|> = D lews - vap|® + [ra | cos® (6),

s=1,2
(3.45)
where 6 is the angle between rp, and n. It follows immediately
D leks Tapl* = [rap|*(1 = cos® (8)) = |xap|* sin(6), (3.46)
s=1,2
namely
> lexs - (alr|b)|* = [(alr|b)|* sin(6). (3.47)

s=1,2

In addition, in spherical coordinates one can choose d2 = sin (8)dfd¢, with 6 €
[0, 7] the zenith angle of colatitude and ¢ € [0, 27] the azimuth angle of longitude,

and then
2 s 87
/ dS2sin? (0) = / do / dfsin® (0) = 5 (3.48)
0 0

In this way from Eq. (3.44) we finally obtain

3
w
Wt = b dp)|?, 3.49
" = S laldib) (3.49)
where the d = —er is the classical electric dipole momentum of the hydrogen atom,
i.e. the dipole of the electron-proton system where r is the position of the electron of
charge —e < 0 with respect to the proton of charge ¢ > 0, and (a|d|b) = —(aler|b)

is the so-called dipole transition element.
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3.2.2 Absorption

‘We now consider the excitation from the atomic state |a) to the atomic state |b) due
to the absorption of one photon. Thus we suppose that the initial state is

) = la)|nks), (3.50)

while the final state is
[F) = |b)|nks — 1), (3.51)

where E, < Ej. From Eqgs. (3.28) and (3.29) one finds

b 27 se\2 h .
Ware =5 () (kowkv) s ks - (BIPla) * 6(Eq + hus — Ep), (3.52)

because
(FIp awy|I) = /nis (bIpla) Ok Sy.5.  (FIpay,,|I) =0. (3.53)

Note that with respect to Eq. (3.37) in Eq. (3.52) there is also the multiplicative term
nks. We can follow the procedure of the previous section to get

2
W
Wil = Jette ms leks - (bleria) o — hu). (3.54)

Again the delta function can be eliminated by integrating over the final photon states
but here one must choose the functional dependence of ng,. We simply set

ngs = n(we), (3.55)

and after integration over k and s, from Eq. (3.54) we get

3

W = 3;:—5%63 [(bldIa) 2 (@) = W n(wpa). (3.56)

Note that without the integration over the solid angle, which gives a factor 1/3,
one obtains the absorption probability of one photon with a specific direction. For
a thermal distribution of photons, with p(w) the energy density per unit of angular
frequency specified by the thermal-equilibrium Planck formula

= e = ! 3.57
pw) = 203 nw), nw)= ef’vu/(kB—T)_l’ (3.57)

where kp is the Boltzmann constant and 7 the absolute temperature, we can
also write
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2
b. 1 t T
W, = |(bld|a)|? Fegp Pra) = W o p(wba) (3.58)

3.2.3 Stimulated Emission

In conclusion we consider the stimulated emission of a photon from the atomic state
|b) to the atomic state |a). Thus we suppose that the initial state is

) = 1b)|nks), (3.59)

while the final state is
|F) = |a)|nks + 1), (3.60)

where E, > E,. From Eqgs. (3.28) and (3.29) one finds

2w [ e\2 h .
Wi =5 () (ZGOM) (s + 1) les - @lplb) > 5(Ep — B — ),

h \m
3.61)
because
&ksu) = &ks|b)|nks> =|b akvlnkv = &/ ks |b) g — 1), (3.62)
while
a1 = @ |b) k) = [ Inks) = /s + 1[b) s + 1), (3.63)
and consequently
(FIpaxs|I) =0, (FIpay.|l) = ks + 1 (alplb). (3.64)

Note that with respect to Eq. (3.52) in Eq. (3.61) there is the factor ngs + 1 instead
of nk,. It is straightforward to follow the procedure of the previous section to obtain

Wwtimul —b“ HaldIB)]? (n(wpa) + 1) = WP L wrot (3.65)

which shows that the probability nglim"l of stimulated emission reduces to the spon-
taneous one WZZW when n(wp,) = 0. It is then useful to introduce

W stimul Wmmul WZZO’” (3.66)

which is the effective stimulated emission, i.e. the stimulated emission without the
contribution due to the spontaneous emission. Clearly, for a very large number of
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Fig. 3.1 Scheme of the 3 mechanisms of radiative transition

photons (n(wp,) >> 1) one gets ng’""l ~ ng’”“l . Moreover, for a thermal distribu-
tion of photons, with the energy density per unit of angular frequency p(w), we can
also write
= stimul absorp spont w2l
b =Wt =W, hw—3p(wba). (3.67)
ba
Remarkably, the probability of stimulated emission is different from zero only if the
emitted photon is in the same single-particle state |ks) of the stimulating ones (apart
when the stimulating light is the vacuum |0)). In the stimulated emission the emitted

photon is said to be “coherent” with the stimulating ones, having the same frequency
and the same direction (Fig. 3.1).

3.3 Selection Rules

Itis clear that, within the dipolar approximation, no electromagnetic transition, either
spontaneous or stimulated, will occur between the atomic states |a) and |b) unless
at least one component of the dipole transition matrix element (b|d|a) is nonzero. It
is possible to show that the matrix elements are zero for certain pairs of states. If so,
the transition is not allowed (at least in the electric dipole approximation), and the
results can be summarized in terms of simple selection rules governing the allowed
changes in quantum numbers in transitions.

Since the electric dipole d = —er changes sign under parity (r — —r), the matrix
element (b|d|a) is zero if the states |a) and |b) have the same parity. Therefore
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the parity of the wavefunction must change in an electric dipole transition.

This means that if 1), (r) and ¢, (r) are the eigenfunctions of the states |a) and |b)
and, for instance, both eigenfunctions are even, i.e.

Ya(—1) = tha(r) and p(—1) = Yp(r), (3.68)

then the dipole matrix element is such that
(bld|a)y = —e/d3r (1) T Yu(r) = 0. (3.69)

In fact, under the trasformationr — —r one finds f d3(-r) = f d’rwhile (b|d|a) =
—(b|d|a), and then it follows (b|d|a) = 0.

Let us recall that in our calculations a generic eigenstate |a) = |nlm) of the matter
Hamiltonian Iflmm, is such that

Ya(X) = Yuim(r) = (rla) = (r|nlm) = Ry (r)Yim (0, ¢), (3.70)

with Y, (8, @) the spherical harmonic function. The spherical harmonics satisfy the
orthonormalization condition

by 27
/ a6 sin (6) / A6 Y5 (0. 6) Ym0, 6) = S0 s (3.71)
0 0

where Y;fm(O, ¢) = (=)™ Y _u(0, ¢). Moreover under parity transformation
one finds

Yatm (1) = Ry ()Y (1w = 0, ¢ + 1) = (=)' Ryt (N Y (0, ¢) = (= 1)t (1),
(3.72)
thus the radial part R,;(r) of the wavefunction is unchanged and the parity of the
state is fully determined from the angular part.
The generic dipole matrix element is given by

00 g 27
(n'U'm|d|nlm) = —e/ dr r3Rn/1/(r)Rnl(r)/ df sin (9)/ do Yy, (0, 0)
0 0 0
X (cos (¢) sin (0), sin (¢) sin (6), cos (0)) Y, (0, @), (3.73)

with r = r (cos (¢) sin (#), sin (¢) sin (6), cos (#)). Setting Al =1 — 1" and Am =
m — nt', by using the properties of the spherical harmonics it is possible to prove that
the dipole matrix element (n'’m’|d|nlm) is different from zero if only if Al = +1 and
Am = 0, £1 (see, for instance, Problem 3.2). Thus, in the dipole approximation,
the orbital angular momentum / of the atomic state and its third component m =
-1, =1+ 1, ..., — 1, ] must satisfy the selection rules
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Al=+1 Am =0, +£1. (3.74)

This means that in the electric dipole transitions the photon carries off (or brings in)
one unit of angular momentum. It is important to stress that the above selection rules
are obtained within the dipole approximation. This means that they can be violated
by rare electromagnetic transitions involving higher multipolarities.

Concluding this section we observe that in the general case of N particles with

positions r; and electric charges ¢;, i = 1, 2, ..., N, the electric dipole momentum is
defined

N
d= Zqi r;. (3.75)
i=1

Moreover, due to Eq. (3.42), the dipolar interaction Hamiltonian (3.20) can be effec-
tively written as

Hp = —d-E, (3.76)

which is the familiar expression of the coupling between the electric dipole d and
the electric field E.

3.4 Einstein Coefficients

In 1919 Albert Einstein observed that, given an ensemble of N atoms in two possible
atomic states |a) and |b), with N,(#) the number of atoms in the state |a) at time ¢
and N (f) the number of atoms in the state |b) at time ¢, it must be

N = Ny(t) + Np(1) 3.77)
and consequently
dN, dNy,
=——. 3.78
dt dt (378)

Einstein suggested that, if the atoms are exposed to an electromagnetic radiation of
energy density per unit of frequency p(w), the rate of change of atoms in the state
|a) must be

dN,

dt

= Apa Np + Bpa p(Wpa) Np — Bap p(Wpa) N. (3.79)

where the parameters Ap,, Bpa, and By, are known as Einstein coefficients. The first
two terms in this equation describe the increase of the number of atoms in |a) due
to spontaneous and stimulated transitions from |b), while the third term takes into
account the decrease of the number of atoms in |a) due to absorption with consequent
transition to |b).



3.4 Einstein Coefficients 63

Einstein was able to determine the coefficients Ap,, By, and B, by supposing that
the tworates in Egs. (3.78) and (3.79) must be equal to zero at thermal equilibrium, i.e.

dN, dNp
=——=0, (3.80)
dt dt
In this way Einstein found
Np Np
Abajva = p(wba) (Bab - Bbajva) . (3.81)

Because the relative population of the atomic states |a) and |b) is given by a
Boltzmann factor

—BEp
]& _¢ = e PE—Ed) e*ﬁﬁwba’ (3.82)
N, e PEa
Einstein got
A
PWha) = (3.83)
Babeﬂ ba — Bpg
At thermal equilibrium we know that
3
(Wpa) = Wope 1 (3.84)
P\Wha w2c3 efhwpa — 1° '
It follows that
e
Apa = Bbawz_cgs Bap = Bpa. (385)

Notice that in this way Einstein obtained the coefficient A, of spontaneous decay
by simply calculating the coefficient of stimulated decay Bj,.

Actually, by using the results we have obtained in the previous section, it is
clear that

3

w
Apa = W = 3m§%c3 l(ald|b)|?, (3.86)
Wztimul 7T26‘3
Bpa = —24— = Ay, 3.87
ba P (Wba) hwga ba ( )
Wabsorp 23
By = —% = Apa- (3.88)

P(Wpa) B h’wga

It is important to stress that the laser device, invented in 1957 by Charles Townes
and Arthur Schawlow at Bell Labs, is based on a generalization of Eqgs. (3.78) and
(3.79). In the laser device one has population inversion, which is achieved with an
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out-of-equilibrium pumping mechanism strongly dependent on the specific charac-
teristics of the laser device.

3.4.1 Rate Equations for Two-Level and Three-Level Systems

Let us analyze under which conditions one can get population inversion. We have
seen that for a two-level system under the action of an electromagnetic pump with
energy density p(wp,) the rate equations of Einstein are given by

dN,

dt“ = Apa Np + R (Np — Ny), (3.89)
dNy,
= ~AbaNo = RNy = No, (3.90)

where R = Bp,p(wpq) is the pumping rate. We now suppose that the system is in
a steady state, but not at thermal equilibrium, i.e. the energy density p(wp,) of the
electromagnetic pump is not given by the Planck distribution (3.84). At the steady
state we have

dN,  dNp

dt  dr

-0, (3.91)

from which, taking into account that N = N, 4+ Nj,, we obtain

Aba +R

5 3.92
“ Apa + 2R (3:92)
Ny=N & (3.93)

"7 Apa 2R '

and the population imbalance ( = (N, — Np)/N reads
Apq

= — 3.94
¢ Apa + 2R (3:94)

Eq. (3.94) shows that in the absence of electromagnetic pump (R = 0) one has
¢ = 1, which simply means that all two-level atoms are in the lower state |a).
Instead, if the electromagnetic pump is active (R 7# 0) the population imbalance
¢ decreases by increasing the pumping rate R, but { cannot change sign because
¢ — 0for R — +o0. Thus, we conclude that the population inversion ({ < 0), and
consequently laser light, is impossible in a strictly two-level system.

Let us now consider an ensemble of N atoms in three possible atomic states |a),
|b) and |c), with N, () the number of atoms in the state |a) at time ¢, Np(¢) the number
of atoms in the state |b) at time ¢, and N,.(¢) the number of atoms in the state |b) at
time ¢. In this ensemble of three-level atoms it must be
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N = Ny(1) + Np(t) + N:(2). (3.95)

Moreover, we suppose that E, < E, < E., with E, the energy of the state |a), Ej,
the energy of the state |b), and E, the energy of the state |c). In the presence of an
electromagnetic pump of energy density p(w¢q), with we, = (E. — E,)/h, between
the state |a) and |c) the rate equations of the three-level system are given by

dN,

dt“ = Apa N + Aca Ne + R (Ne = No) + Bpa ppa (Np — N, (3.96)
dNy,
7 = —Apa Np +AcpNe — Bpg Pba (Np — Na) + Bep Pcb (Nc - Nb)v (397)
dN,

dr = —ApNe —Aeg Ne — R(Ne — Ny) — Bep pepy (Ne — Np), (3.98)

where R = B, p(weq) is the pumping rate and the energy densities pp, and pep
are induced by the electromagnetic transitions. These equations are simplified under
the following physical assumptions (Ruby laser): (i) there is no electromagnetic
transition from |c) and |b), namely p., = 0; (ii) the time decay of the spontaneus
transition from |c) to |a) is very long, namely A., =~ 0; (iii) the time decay of the
spontaneus transition from |c) to |b) is very short and consequently N. << N,. In this
way the rate equations become

dN,

7 =ApaNp — RN, + S (Np, — N,), (3.99)
dN,
d—t” = —ApaNp + AcpNe — S (N — No), (3.100)
dN,

= A Ne+ RN, (3.101)

where S = Bp, ppq 1S the stimulated rate. At stationarity one has

dN, _dNy _ dN.

_ 4 =0, (3.102)
dt dt dt
from which we get
A S
=Nt (3.103)
Apa +2S +R
R+ S
Np A i B (3.104)
Apa +2S+R
R
N, = — N, (3.105)
Acb

and the population imbalance { = (N, — Np)/N reads
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Apa — R

= A+ 2S+R

(3.106)

This equation clearly shows that for R > Ap, one gets ¢ < 0, thus one obtains the
desired population imbalance.

3.5 Life-Time and Natural Line-Width

We have seen that the Einstein coefficient Ay, = W;gom gives the transition proba-

bility per unit of time from the atomic state |b) to the atomic state |a). This means
that, according to Einstein, in the absence of an external electromagnetic radiation
one has

WNo _ 4, N (3.107)
dt - ba 1Nb .
with the unique solution
Np(1) = Np(0) e e, (3.108)

It is then quite natural to consider 1 /A, as the characteristic time of this spontaneous
transition.

More generally, the life-time 7, of an atomic state |b) is defined as the reciprocal
of the total spontaneous transition probability per unit time to all possible final atomic

states |a), namely
1

B ZaAbﬂ .

Clearly, if |b) is the ground-state then Ay, = 0 and 7, = o0.

On the basis of the time-energy indetermination principle of Werner Heisenberg,
in the radiation energy spectrum the natural line-width I'y due to the transition from
the state |b) to the state |a) can be defined as

(3.109)

Tb

1 1
FNzh(—+—). (3.110)
Th Ta

Indeed it is possible to prove that in this transition the intensity of the emitted elec-
tromagnetic radiation follows the Lorentzian peak

I3 /4
(e — Epg)? + T2 /4"

I(e) = (3.111)

where € = hw is the energy of the emitted photon and Ej, = Ej, — E, is the energy
difference of the two atomic states. The Lorentzian peak is centered on € = Ep, and
Iy is its full width at half-maximum.
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It is important to observe that the effective line-width I' measured in the exper-
iments is usually larger than 'y because the radiating atoms move and collide. In
fact, one can write

'=Iy+Tc¢c+Tp, (3.112)

where in addition to the natural width I'y there are the so-called collisional broad-
ening width I'c and the Doppler broadening width I'p.

3.5.1 Collisional Broadening

The collisional broadening is due to the collision among the radiating atoms of a gas.
The collision reduces the effective life-time of an atomic state and the collisional
width can be then written as 5

I'c = (3.113)

9
Teol

where 7, is the collisional time, i.e. the average time between two collision of atoms
in the gas. According to the results of statistical mechanics, 7., is given by

1

noVimp

(3.114)

Tcol =

where 7 is the number density of atoms, ¢ is the cross-section, and v, is the most
probable speed of the particles in the gas.

In the quantum theory of scattering one usually assumes that an incoming particle,
described by a plane wave along the z-axis, scatters with a target, modelled by an
external potential V(r), such that the outcoming asymptotic wavefunction of the
particle reads
eikr

P(r) = *T 4+ fi.(0)

, (3.115)
-

where f;(0) is the scattering amplitude. The differential cross section is given by
do/d2 = |fi(0)|?, which is the scattering probability per unit time of the particle
with mass m, wavevector k and energy %%k?/(2m). If one considers only s-wave
scattering the differential cross section does not depend on the angle 6, and the total
scattering cross section is just

o(k) = 4rnlfi|> = % sin (0o (k)), (3.116)

where dg(k) is the so-called s-wave phase shift of the cross-section. The s-wave
scattering length a;, which characterizes the effective size of the target, is then defined
as the following low-energy limit
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lim ¢ (S0 (k) (3.117)
dg = — 11Im — tan . .
’ k—0 k 0

In this way one clearly finds
lim o'(k) = 4ma’. (3.118)
k—0

Thus, for a dilute and cold gas of atoms the cross-section ¢ of low-energy atoms
can be indeed approximated as
o = 4na?, (3.119)
where the value of a; can be indeed determined by solving the reduced single-
particle Schrodinger equation with the actual inter-atomic potential V(r). Moreover,
by considering the Maxwell-Boltzmann distribution of speeds in an ideal gas, the
most probable speed v, is given by

2UsT
Vi = 1/ n’j , (3.120)

where T is the absolute temperature, kp is the Boltzmann constant and m is the mass
of each particle.

3.5.2 Doppler Broadening

The Doppler broadening is due to the Doppler effect caused by the distribution of
velocities of atoms. For non-relativistic velocities (vy < ¢) the Doppler shift in

frequency is
W = wo (1—V—"), (3.121)
¢

where w is the observed angular frequency, wy is the rest angular frequency, vy is
the component of the atom speed along the axis between the observer and the atom
and c is the speed of light. The Maxwell-Boltzmann distribution f(v,) of speeds

vy = —c(w — wp)/wo at temperature 7', given by
172 X
f(Vx) dvx = (2 r T) e_m"x/(2kBT) de, (3122)
TKB
becomes
1/2 2 2 2 &
f(w)dw = e (Wmwo)”/ GupksT) —_ g, (3.123)
27TkBT wo
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in terms of the angular frequency w. This is the distribution of frequencies seen by
the observer, and the full width at half-maximum of the Gaussian is taken as Doppler

width, namely
21In 2)kgT
rp= ‘/L)f Fiwo. (3.124)
mc

3.6 Minimal Coupling and Center of Mass

Up to now the interaction between atom and electromagnetic radiation has been
investigated by taking into account only the electronic degrees of freedom of the
atoms. Here we consider also the effect of the atomic nucleus and for simplicity we
study the hydrogen atom, whose classical complete Hamiltonian reads

2 2 2
pp pe e

2my  2m,  4weglr, — 1|

(3.125)

Hyare =

where r, and r, are the positions of proton and electron, and p, and p,. are their
corresponding linear momenta, with m,, the proton mass and m, the electron mass.

By imposing the minimal coupling to the electromagnetic vector potential A(r),
in the Coulomb gauge we get

—eA(r)2 .+ eA(r,))? e?
Hyipt = (Pp p)) n (Pe (re)) B . (3.126)
2my, 2me, dmeglry, — 1|
We now introduce center of mass position and relative position vectors:
myXy + Mmer,
rem = 2 ——F ”M <, (3.127)
Tpol =Te —Tp, (3.128)

where M = my, + m, is the total mass and p = mpm,./M is the reduced mass, and
also the center of mass momentum and relative momentum vectors:

Pcem = Pp + Pe, (3129)
m me
Prei = 5 Pe = 2 Pp- (3.130)
First of all we notice that
2 2 2
Hyy = Lo 4 Bret € (3.131)

M ZM Ameg| Ty '
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moreover
Hshiﬁ = Hyarr + H, (3.132)

where

e m e m
Hp = _Mpcm : A(rcm - Merrel) + Mpcm ' A(rcm + ﬁprrel)

e m e m
+ m_pprel : A(rcm - ﬁerrel) + m_eprel . A(rcm + ﬁprrel)

62 2

m e m
+ %A(rcm - ﬁerrel)2 + Z_n/leA(rcm + Hprrel)2~ (3133)

In this case, the dipole approximation means

AQen — 2200) = ATon + 220p) = AFen) (3.134)
cm M rel) — cm M rel) — cm .
and the interaction Hamiltonian becomes
2
e e )
Hp = —Pret - Altem) + —— Aren)”. (3.135)
1% 2p

We stress that, within the dipole approximation, in the Hamiltonian H; the depen-
dence on p., disappears and that the only dependence on the center of mass is
included in A(r;,). Indeed, this Hamiltonian is precisely the dipolar Hamiltonian of
Eq. (3.20) by using the center of mass as origin of the coordinate system.

3.7 Solved Problems

Problem 3.1

108 sodium atoms are excited in the first excited state of sodium by absorption of
light. Knowing that the excitation energy is 2.125eV and the life time is 16ns,
calculate the maximum of the emitting power.

Solution

The total absorbed energy is given by
E = Ne,

where N is the number of atoms (and also the number of absorbed photons) while e
is the transition energy

€=2125eV=2125x1.6x10""Y J=34x10"1].
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The absorbed energy is then
E=10%x34x10"" J=34x107!].

The absorbed energy is equal to the energy emitted by spontaneous de-excitation.
The emitting power P(t) decays exponentially with time ¢ as

P(t) = Poe™ /7,

where Py is the maximum of the emitting power and 7 = 16 ns is the life time of the
excited state. It must be

oo
E:/ P@)dt =Py,
0

from which we get

E _34x107'J

Pp=— =227 -
0T T T 16 x 1095

J
=21x1073 > =2.1mW.
S

Problem 3.2

Derive the selection rule Am = 0 of the matrix element (n'l'm’|Z|nim) of the
hydrogen atoms by using the formula [L, Z] = 0.

Solution

Remember that for any eigenstate |nlm) of the electron in the hydrogen atom one has
L.|nlm) = hm |nlm).

Moreover
[sz 2] = Lz2 - 2Lz~

We observe that

W' U'm'|[Ly, 2l\nlm) = (W' U'm|L,3 — 3L, |nlm)
= (' I'm'|L.z|nim) — (n'U'm'|5L.|nlm)
=m'h (0 I'n|Z|nim) — (W' I'm’|Z|nlm) hm

= m' —m)h (n'U'm’|1Z|nlm).
Because [i,z, 7] = 0 it follows that (n/l/m/|[iz, Z]|nlm) = 0 and also

(m' —m)h (n'I'm’|2|nlm) = 0.
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From the last expression we get
(n'I'm’|ZInlm) =0
if m" # m. This is exactly the selection rule Am = 0. We can then write
(0 U'm'|Z|nlm) = (0'I'm|Z|nlm) 8y .

Problem 3.3

A gas of hydrogen atoms is prepared in the state [n = 2,/ = 1, m = 0). Calculate
the electric dipole moment associated to the transition to the ground-state |n = 1,
[=0,m=0).

Solution

The generic eigenfunction of the electron in the hydrogen atom in spherical coordi-
nates is given by

¢nlm(ra 0,9) = Ru(r) Y, (0, 9),

where R,;(r) is the radial wavefunction, which depends on the quantum numbers n
(principal) ed ! (angular momentum), while Yy,,(0, ¢) is the angular wavefunction,
which depends on the quantum numbers / (angular momentum) and m (projection
of angular momentum).

The wavefunction of the the electron in the ground-state is

P100(r) = R10(r)Yoo(0, ¢),

where

2
Rio(r) = =55 r/ro
"o

1
Yoo(0, ¢) = \/ﬁ

with ry the Bohr radius. The wavefunction of the excited state is instead
210(r) = Rp1 () Y10(0, ),
where

1 r
R _ —r/Qro)
21 V3(2rg)3/2 0o’

/3
Y1000, ¢) = ym cosf.
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The vector of the dipole transition is given by

tr = Wnlrlizn) = [ @r oo 1 i)
Remembering that in spherical coordinates
r = (r cos¢ sinf, r sin¢ sinf, r cosf)
with ¢ € [0, 27] and 0 € [0, 7], and moreover
d*v = dr r* d¢ df sinb,

the 3 components of the transition vector rr = (x7, yr, z7) read

\/g o0 2 g
xXr = — drr2R10(r)rR21 (r) / d¢ cos gb/ df sin’ 0 cos 0,
4 Jo 0 0

ﬁ 1) 27 ™
yr = — / drr*Rio(r)rRa1 (r) / d¢sin qb/ df sin” f cos 0,
4 Jo 0 0

\/§ o0 2 g
r=— drrleo(r)rRZI(r)/ d(;ﬁ/ df sin 0 cos 0.

r Jo 0 0

One finds immediately that
xr =yr =0,
because
2 21
/ do cosqS:/ do sing =0,
0 0

while

s 1 2
/ df sinf cos’ 6 =/ d(cos ) cos? f = 3
0 -1

As a consequence, we have

5 8
ir = 1 /oo rt e /) dgr = 2 7 nte™ dn = 270 ,
3v2rg Jo 304/2 Jo 32

because ~
/ e Mdn=Tm+ 1) =nl
0
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Finally, the modulus of the electric dipole is

28
——=er,
352

where e is the electric charge of the electron. Performing the numerical calculation
we find

|d| =elrr| =ezr =

d =1.6x107°Cx053x107"m x 0.74 =6.3 x 1073°Cm.

Problem 3.4

Calculate the rates of spontaneous emission W*P°" to the ground-state in a gas of
hydrogen atoms which are initially:

(a) inthestate [n =3, =2, m = 1);

(b) inthestate |[n =3, =1,m = 1).

Solution

The ground-state corresponds to |[n = 1,1 = 0, m = 0).

(a) In this case the transition probability is zero, within the dipolar approximation,
because Al = 2 and the permitted transitions are only with Al = =£1 and
Am =0, £1.

(b) In this case the calculations must be done explicitly. The wavefunction of the
electron in the ground-state is

11 —r/ro

P1o0(r) = ﬁ? )

while the wavefunction of the excited state is

P311(r) = L) e 71G310) 1% gin g,

2 (1 -
572\
where rg is the Bohr radius. The vector of the dipole transition is given by
rr = (Yioolry3in) = /d31‘ Pioo(®) T Y311(r).
Remembering that in spherical coordinates
r=(rcos¢ sinf, r sing sinf, r cosf),

and also
d*v=drr*d¢db sinf ,
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the 3 components of the transition vector rr = (x7, yr, z7) read

2 00 r 2m ) ™
xr=——" | drrt (1= —)e*/C0 do cospe® [ db sin®0,
37rg)o 619 0 0
2 00 r 2m T
=g / dr i (1 _ 7) e—4r/(3ro)/ dé sin ¢ e""’/ do sin’ 9,
P 7rryJo 6ro 0 0

2 * 4 r ey [ e [T .2
ZT=_74/ drr (1—)e r/( r")/ dgbe"f’/ df cos sin” 6.
3B rg Jo 67 0 0

One find immediately that
zr =0,

because

/ df cosd sin’ 0 = 0,
0

T 22
/ do sin’ ) = — .
0 3

while

In addition, we get

2 . 2
/ d¢ cos ¢ e = / d¢ cos® ¢ =,
0

0

and similarly

27 ) 2T
/ d¢sin¢e“f>=i/ d¢ sin® ¢ =i .
0

0

Instead, for the radial part

oo r 37
/ drrt (1= — ) e /G0 = —rg,
0 6r0 210

and consequently
2 37 N\ (. 2? 33
T "m0 o)) T T
2 37 5\ (. 2° (33
S WPy A CIRCH A U A U
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The squared modulus of the transition vector is given by
36
Irrl? = xr|? + [yrl> =2 ﬁrg =0.088 1§ =2.48 x 107 m?,

where rp = 5.29 x 10~ m.
The rate of spontaneous transition is given by the formula

4
WSPOVL[ — @ ozw% |I.T|27

where ¢ = 3 x 108 m/s, o = €2/ (4meghic) ~ 1/137,

E;—E; 13.60eV ( 1 ) 13.60 x 1.60 x 107197 8
Wwr = =

h h T 32) 7 T 1.05x 103*Ts/rad 9
1.84 x 10'®rad/s.

Finally, the rate of spontaneous transition reads
WPt = 1.67 x 108 rad/s.

Problem 3.5

A gas of hydrogen atoms is irradiated from all directions by light with spectral density

@) = py oxpf - &=
w) = xpl ——= ),
PR =20 P\ T 000 w2

where wy is the frequency of the a-Lymann (1s—2p) transition.

(a) Calculate the value of po which produces stimulated emission 2p— 1s with the
rate Wil = 12.5 x 108571,
(b) Determine the effective electric field E,,,s of the incoming light, defined as

1, o
EGOErms =/ plw) dw.
0

Solution

(a) From the Einstein relations we know that the rate of stimulated emission W/
can be written as

: ™
Wl = S 1P pwo).

where d is the electric dipole momentum. In this transition we are considering
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d = —e(2p|r|ls),

where e is the electric charge of the electron. This dipole has been previously calcu-
lated and its modulus is equal to

|d| = 6.3 x107°Cm.
Because in this case p(wp) = po, we obtain

3€0h2 Wstimul
T

Finally, we get
po =2.95x 10712 J s/m>.

(b) The integral to be calculated is

> > (w — wp)?
&= dw = ———— )d
/0 p(w) dw /0 PO exp( Loz )

With the position
W= wo
/1,000 wo
the integral becomes
o [e¢)
E = +/1,000p wo/ | eXp (—t2) dt >~ 104/10 pg wo/ exp (—tz) dt
S 0

/1,000
= 1010 pg wog = 5v/107 po wp.

The frequency wy is

wy = —

13.6eV ( 1 1

- 27_?) =155 x 1019571,

and consequently
E=1.28x10°J/m>.

The effective electric field reads

2&
Epms = .| — =5.38 x 103 V/m,
€0

where €y = 8.85 x 10712 J/(m V?) is the dielectric constant in the vacuum.
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Problem 3.6

Calculate both natural and Doppler width of the a-Lymann line in a hydrogen gas at
the temperature 1,000 K, knowing that the life time of the excited state is 0.16 x 1078
and the wavelength of the transition is 1214 x 1071 m.

Solution

The a-Lymann line is associated to the 1s — 2p transition of the hydrogen atom.
The natural width between the states |i) and |j) is given by

1(1 1)
Avy=— | —+ —
2 \1i T

where 7; is the life time of the state |i) and 7; is the life time of the state |j). In our
problem 715 = oo, because |1s) is the ground-state, while 7, = 0.16 x 10~8 s for
the excited state |2p). It follows that

A Y (L Lo+ : 1=99x10"H
v = — | — _ — S =YY X Z.
Mo\ T n,) T 628 0.16 x 10-%

The Doppler width depends instead on the temperature 7 = 1,000 K and on the
frequency v of the transition according to the formula

[ kg1 [isT
Avp = v/BIn@) | —— = L\ /Bin2) | 2=,
mgc C mpy

where kg = 1.3 x 10723 J/K is the Boltzmann constant, my = 1.6 x 10727 kg is
the mass of an hydrogen atom, while ¢ = 3 x 103 m/s is the speed of light in the
vacuum. We know that

v 1 1

- = —822x10°m !,
A 1216 x 107 m

and then we get

1.3 x 10723 x 103
1.6 x 10~27

Avp = 8.22 x 10° x 2.35 x \/ Hz = 5.6 x 10'°Hz.

Problem 3.7

Calculate the pressure (collisional) width of the a-Lymann line for a gas of hydrogen
atoms with density 10'? atoms/m> and collisional cross-section 10~!9m? at the
temperature 103 K.
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Solution
The collisional width is given by

1
20T ol

Avc =

where 7, is the collision time. This time depends on the cross-section o = 1079 m?

and on the gas density n = 10° m~3 according to the formula

1

9
no Vi

Teol =

where v, = /2kpT /mpy is the velocity corresponding the the maximum of the
Maxwell-Boltzmann distribution. We have then

Because T = 10°K, kg = 1.3 x 1073 J/K and my = 1.6 x 107%" kg, we
finally obtain
Ave = 6.4 x 1077 Hz.

Problem 3.8

Helium atoms in a gas absorb light in the transition a — b, where |a) and |b) are
two excited states. Knowing that the wavelength of the transition is 501.7 nm and
that the life times are 7, = 1.4 ns and 7, = 1 ms, calculate: (a) the natural width; (b)
the Doppler width. The gas is at the temperature 1,000 K.

Solution

The natural width of the spectral line between the states |a) e |b) is given by

1(1 1)
Avy=—\|—+—).
2n \1,  Tp

Consequently we obtain

B |
Ay = —— Hz = 1.14 x 10° Hz.
N =628 (10—3 T iax 10—9) “ St

The Doppler width is instead

kT
Avp =2 /8In@). |
C

)
MHe
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where T = 10°K is the temperature of the gas, kg = 1.3 x 1023 J/K is the
Boltzmann constant, my, = 4 x 1.6 x 10~% kg is the mass of a helium atom, while
¢ =3 x 108 m/s is the velocity of light in the vacuum. We know that

v 1 1 6 —1
—=—=—— =199 % 10°m™ ',
A 501.7 x 10~9m

and then we get
Avp = 6.77 x 10° Hz.

Further Reading

For classical and quantum electrodynamics and radiative transitions:

F. Mandl, G. Shaw, Quantum Field Theory, Chap. 1, Sects. 1.3 and 1.4 (Wiley, New
York, 1984).

For life time and line widths:

B.H. Bransden, C.J. Joachain: Physics of Atoms and Molecules, Chap. 4, Sects. 4.6
and 4.7 (Prentice Hall, Upper Saddle River, 2003).



Chapter 4
The Spin of the Electron

In this chapter we explain the origin of the intrinsic angular momentum, also known
as the spin, of the electron on the basis of the Dirac equation. After introducing
the Dirac equation for a relativistic massive and charged particle coupled to the
electromagnetic field, we study its non relativistic limit deriving the Pauli equation.
This Pauli equation, which is nothing else than the Schrodinger equation with an
additional term containing the spin operator, predicts very accurately the magnetic
moment of the electron. Finally, we discuss the relativistic hydrogen atom and the
fine-structure corrections to the non relativistic one.

4.1 The Dirac Equation

The classical energy of a nonrelativistic free particle is given by

2
p
E=—, 4.1
o (4.1)
where p is the linear momentum and m the mass of the particle. The Schrédinger
equation of the corresponding quantum particle with wavefunction ¥ (r, t) is easily
obtained by imposing the quantization prescription

E - ih% p — —ihV. 4.2)

In this way one gets the time-dependent Schrodinger equation of the free particle,
namely

0 R,
iho o (r, 1) = = 2= V3)(r, 1), (4.3)

L. Salasnich, Quantum Physics of Light and Matter, UNITEXT for Physics, 81
DOI: 10.1007/978-3-319-05179-6_4, © Springer International Publishing Switzerland 2014
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obtained for the first time in 1926 by Erwin Schrodinger. The classical energy of a
relativistic free particle is instead given by

E = \/p?c? + m2c*, (4.4)

where c is the speed of light in the vacuum. By applying directly the quantization
prescription (4.2) one finds

ih%p(r, 1) = v =R22V2 4+ m2c (r, 1). (4.5)

This equation is quite suggestive but the square-root operator on the right side is
a very difficult athematical object. For this reason in 1927 Oskar Klein and Walter
Gordon suggested to start with

E? = p*c? + m?ct (4.6)
and then to apply the quantization prescription (4.2). In this way one obtains
82
- hQW@z;(r, 1 = (—h2c2V2 + m2c4) W(r, 1) 4.7)

the so-called Klein-Gordon equation, which can be re-written in the following form

2 2.2
(1 ? g2l mhzc )Mr, =0, (4.8)

2o
i.e. a generalization of Maxwell’s wave equation for massive particles. This equation
has two problems: (i) it admits solutions with negative energy; (ii) the space integral

over the entire space of the non negative probability density p(r, £) = [1/(r, 1)|> > 0
is generally not time-independent, namely

d 3
E/R} p(r, 1) dr £ 0. (4.9)

Nowadays we know that to solve completely these two problems it is necessary to pro-
mote 1 (r, t) to a quantum field operator. Within this second-quantization (quantum
field theory) approach the Klein-Gordon equation is now used to describe relativistic
particles with spin zero, like the pions or the Higgs boson.

In 1928 Paul Dirac proposed a different approach to the quantization of the rel-
ativistic particle. To solve the problem of Eq. (4.9) he considered a wave equation
with only first derivatives with respect to time and space and introduced the classical
energy

~

E=cé&-p+fmc?, (4.10)
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such that squaring it one recovers Eq. (4.6). This condition is fulfilled only if & =
(&q, A, &3) and 3 satisfy the following algebra of matrices

M=dj=43=p4=1, @11
&idj +djdi = 6, i#]j (4.12)
&B +B&; =0, Vi (4.13)

where 1 is the identity matrix and 0 is the zero matrix. The smallest dimension in
which the so-called Dirac matrices ¢; and (3 can be realized is four. In particular, one

can write
N 62 5,’ A i2 62
=), = . B 4.14
a=(20) i-(5 %) @14

where fz is the 2 x 2 identity matrix, 62 is the 2 x 2 zero matrix, and

o 01 A 0—i ,\ 10
0'12(10) 0’2=(l. Ol) 032(0_1) 4.15)

are the Pauli matrices. Equation (4.10) with the quantization prescription (4.2) gives
0 A A2
i W 1) = (—1hca-V~|—ﬂmc )\Il(r, 0, (4.16)

which is the Dirac equation for a free particle. Notice that the wavefunction W (r, ¢)
has four components in the abstract space of Dirac matrices, i.e. this spinor field can
be written

P1(r, 1)

_ | (D)
Y(r,t) = baet) |- “4.17)

Py (r, 1)

In explicit matrix form the Dirac equation is thus given by

5 P1(r, 1) P(r, 1)

I 7/)2(1'1 t) 0 7/}2(1'1 t)

N5 | sy | =7 | sy (4.18)
Py (r, t) Pa(r, 1)

where
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mc? 0 —iﬁc% , —ihc(% ’—i%)
q- 0 mc? —ihe(2 +i0%) ihc @.19)
- —ihca% —ihc(a% - ia%) —mc? 0 o
—ihc(% +ia%) ihc% 0 —mc?

It is easy to show that the Dirac equation satisfies the differential law of current
conservation. In fact, left-multiplying Eq. (4.16) by

WE(r, 1) = (Y7 (e, 1), 300, 1), Y3 (r, 1), P (r, 1)) (4.20)
we get

oW .
ih\I/JrE = —ilicWta - VU + mwtjw. 4.21)

Considering the Hermitian conjugate of the Dirac Eq. (4.16) and right-multiplying
it by W(r, ¢) we find instead

owt
—1ih
! ot

U =ihch VUTU +mwt3w. (4.22)
Subtracting the last two equations we obtain the continuity equation

%p(r, 1)+ V.jr,t)=0, (4.23)

where

4
pr.0) = UHE DB t) = D [0 (4.24)

i=1
is the probability density, and j(r, ) is the probability current with three components
Jer ) = c Wt (r, AV (r, 1). (4.25)

Finally, we observe that from the continuity Eq. (4.23) one finds

d 3
i s p(r, 1) d°r =0, (4.26)

by using the divergence theorem and imposing a vanishing current density on the
border at infinity. Thus, contrary to the Klein-Gordon equation, the Dirac equation
does not have the probability density problem.
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4.2 The Pauli Equation and the Spin

In this section we analyze the non-relativistic limit of the Dirac equation. Let us
suppose that the relativistic particle has the electric charge g. In presence of an
electromagnetic field, by using the Gauge-invariant substitution

L0 0
zha — zha —qo(r, t) 4.27)
—ihV — —ihV — gA(r, 1) (4.28)

in Eq. (4.16), we obtain

ih%‘l’(r, 1) = (cd . (f’ — gA(r, t)) + ﬁmCZ + q o(r, t)) w(r, 1), (4.29)

where p = —ihV, ¢(r, t) is the scalar potential and A(r, r) the vector potential.
To workout the non-relativistic limit of Eq. (4.29) it is useful to set

Yi(r, 1)
_ _—imc*t/h Pa(r, 1) _ _—imc*t/h P(r, 1)
W(r, 1) = e"ime’t e | = ' (x(r,t) , (4.30)
x2(r, 1)

where (r, t) and x(r, t) are two-component spinors, for which we obtain

A g c&-(p—qA) (v
’hat(x)‘(c&-@—qm g é—2mc? )(X) (4.31)

where & = (61, 62, 63). Remarkably, only in the lower equation of the system it
appears the mass term mc?, which is dominant in the non-relativistic limit. Indeed,

under the approximation (i h% —q o+ 2mc2) X =~ 2mc? x, the previous equations

become
inde q¢ ca-(P—qA)\ (v
o ) = A 5 , (4.32)
0 co-(P—qA) —2mc X
from which 5 (B A
0’ . —
5 = % . (4.33)
mc

Inserting this expression in the upper equation of the system (4.32) we find

o (le-p-gn]
ihoot = (T +q ¢)w. (4.34)
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From the identity
[6-(B-aA) =(B-qA>—ig BrA) -G (4.35)

where p = —ihV, and using the relation B = V A A which introduces the magnetic
field we finally get

(—ihV —gAr,0)?* ¢
2m m

B(r,7)-S+q o, 1) ) (r, 1),
(4.36)

0
[ h—(r, t) =
ihs tUJ(r ) (
that is the so-called Pauli equation with

S=-6. (4.37)

NS Y~

the spin operator. This equation was introduced in 1927 (a year before the Dirac
equation) by Wolfgang Pauli as an extension of the Schrodinger equation with the
phenomenological inclusion of the spin operator. If the magnetic field B is constant,
the vector potential can be written as

1
A= BAr (4.38)

and then
(p—qA)’ =p>—2¢A - p+¢°A>=p* —¢B L+’ BAD?, (439

with L = r A P the orbital angular momentum operator. Thus, the Pauli equation for
a particle of charge ¢g in a constant magnetic field reads

Qv2 R R 2
TV L (L4 28) + L BAr +gomn) v,
2m

2m 2m
(4.40)

.0 |
lhglb(r,t)—(

In conclusion, we have shown that the spin S naturally emerges from the Dirac equa-
tion. Moreover, the Dirac equation predicts very accurately the magnetic moment f4 g
of the electron (¢ = —e, m = m,) which appears in the spin energy E; = —fig - B
where 155 »

ps = —ge58 (4.41)

with gyromagnetic ratio g, = 2 and Bohr magneton pg = eh/(2m) ~ 5.79 - 107>
eV/T.
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4.3 Dirac Equation with a Central Potential

We now consider the stationary Dirac equation with the confining spherically-
symmetric potential V (r) = V (|r|), namely

(—ihc&-v+3mc2+ V(r)) ®(r) = E d(r). (4.42)
This equation is easily derived from Eq. (4.29) setting A = 0, g¢ = V (r), and
W, 1) =e EM o). (4.43)
The relativistic Hamiltonian
H=—ihc& -V +BmE+ V) (4.44)

commutes with the total angular momentum operator

=L+S=rAp+

Qo>

K3 (4.45)

(SRS

because the external potential is spherically symmetric. In fact, one can show that

[H,L] = —ihca np=—[H,S]. (4.46)
Consequently one has o
[H,J]=0, (4.47)
and also o L o o
[H,J*] =0, [J2, L =[J% 1 =[J% J.1 =0, (4.48)

where the three components Jes fy, fz of the total angular momentum J =
(Jx, Jy, J;) satisfy the familiar commutation relations

[Ji, i1 = ik eiji Jk (4.49)
with
L if (G, j, k)is (x, y, z)or (z, x, y)or (y, z, X)
€jx =1 —1if @, j,k)is(x,z, y)or (z, y, x) or (¥, x, 2) (4.50)
0 ifi =jori=korj=k

the Levi-Civita symbol (also called Ricci-Curbastro symbol). Note that these com-
mutation relations can be symbolically synthesized as

Irni=inl. (4.51)
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Indicating the states which are simultaneous eigenstates of H, J?and fz as [njm;),
one has

Hinjmj) = Eyjlnjm;), (4.52)
Pnjmj)y = B+ D Injm ), (4.53)
Jnjm;) = hmj|njm;), (4.54)
where j is the quantum number of the total angular momentumandm ; = —j, —j+1,

—j+2,...,j—2,j—1, j the quantum number of the third component of the total
angular momentum.

In conclusion, we have found that, contrary to the total angular momentum j , the
orbital angular momentum L and the spin S are not constants of motion of a particle
in a central potential.

4.3.1 Relativistic Hydrogen Atom and Fine Splitting

Let us consider now the electron of the hydrogen atom. We set g = —e, m = m, and
2 2
Vi) == (4.55)
4rmeg|r| dregr

Then the eigenvalues E,; of H are given by

2
nic 2

E,j = > —mc”, (4.56)
1+ a -
(,,,j,%h/(j%)z,az)

with o = €?/(4mephic) ~ 1/137 the fine-structure constant. We do not prove this
remarkable quantization formula, obtained independently in 1928 by Charles Galton
Darwin and Walter Gordon, but we stress that expanding it in powers of the fine-
structure constant o to order a* one gets

2

« 1 3

E,j=EY [1 +— (j T E)} : 4.57)
2

1 a? 13.6 eV
FO _ _ 2% _
2mc

where

(4.58)

n n2 n2
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Fig. 4.1 Fine splitting for the i B,
hydrogen atom. On the left e e
there are the non-relativistic 3
energy levels obtained by w By
solving the Schrodinger equa-
tion with a Coulomb potential Sin
(Coulomb). On the right there
are the energy levels obtained
by taking into account rel-
ativistic corrections (Fine
Structure) n=1
Sin
Coulomb Fine
Structure

is the familiar Bohr quantization formula of the non relativistic hydrogen atom. The
term which corrects the Bohr formula, given by

0o 1 3
AE=EY —{—-=—). (4.59)
n\j+s 4n

is called fine splitting correction. This term removes the non relativistic degeneracy
of energy levels, but not completely: double-degenerate levels remain with the same
quantum numbers n and j but different orbital quantum number/ = j+1/2 (Fig4.1).

We have seen that, strictly speaking, in the relativistic hydrogen atom nor the
orbital angular momentum L nor the spin S are constants of motion. As a consequence
[, my, s and m are not good quantum numbers. Nevertheless, in practice, due to the
smallness of fine-splitting corrections, one often assumes without problems that both
L and S are approximately constants of motion.

4.3.2 Relativistic Corrections to the Schrodinger Hamiltonian

It is important to stress that the relativistic Hamiltonian H of the Dirac equation
in a spherically-symmetric potential, given by Eq. (4.44), can be expressed as the
familiar non relativistic Schrodinger Hamiltonian

. h?
Hy=——V2+ V() (4.60)
2m

plus an infinite sum of relativistic quantum corrections. To this aim one can start from
the Dirac equation, written in terms of bi-spinors, i.e. Eq. (4.31) with A(r,?) = 0
and g¢(r, t) = V(r), which gives
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YY_ (V@) co-p ¥
£(5) = (v ane) (5) eb

setting ¥(r, 1) = ¥ (r) e *E/M and x(r, 1) = Y(r) e *£1/" The lower equation of
this system can be written as

g= %P5 (4.62)
XTE V) +2me? '
This is an exact equation. If E — V (r) < 2mc? the equation becomes
_ 6P -
X=7 P, (4.63)
mc

which is exactly the stationary version of Eq. (4.33) with A(r,¢) = 0. We can
do something better by expanding Eq. (4.62) with respect to the small term (E —
V (r))/2mc? obtaining

__ 6B E-V(® ’
K=7 (1 3 +) . (4.64)

Inserting this expression in the upper equation of the system and neglecting the higher
order terms symbolized by the three dots, and after some tedious calculations, one
finds

EJ=H 1, (4.65)
where . . . . .
H = Hy + H| + Hy + H3, (4.66)
with
. A
H = ———V* 4.67
1 T3 (4.67)
R 1 14V
H=————L-8, 4.68
2T om2r  dr (4.68)
N o,
Hy= s VAV (). (4.69)

with H; the relativistic correction to the electron kinetic energy, H, the spin-orbit
correction, and ﬁg the Darwin correction.

If the external potential V(r) is that of the hydrogen atom, i.e. V(r) = —e?/
(4meolr]), one finds immediately that Hy = (h%e?)/(8m%c?ep)d(r) because
V2(1/|r]) = —4né(r). In addition, by applying the first-order perturbation theory
to H with Hy unperturbed Hamiltonian, one gets exactly Eq. (4.57) of fine-structure
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correction. Physically one can say that the relativistic fine structure is due to the
coupling between the spin S and the orbital angular momentum L of the electron.
Moreover, we observe that

I.§= % ( 2o 32) (4.70)

because . o . . o
JP=@L+S?=10*+8+2L-S, 4.71)

and this means that the Hamiltonian H of Eq. (4.66) commutes with L? and 52 but
H does not commute with L and S

Actually, also the nucleus (the proton in the case of the hydrogen atom) has its
spin I which couples to electronic spin to produce the so-called hyperfine structure.
However, typically, hyperfine structure has energy shifts orders of magnitude smaller
than the fine structure.

4.4 Solved Problems

Problem 4.1

One electron is set in a unionrm magnetic field B = (0, 0, By). Calculate the ex-
pectation value of the spin S along the x axis if at + = 0 the spin is along the z
axis.

Solution
The Hamiltonian operator of the spin is

A =—jis B,
where f1 is the magnetic dipole moment of the electron, given by

1

S N - &
Hs geh deMB s

with g, = 2.002319 ~ 2 the gyromagnetic ratio of the electron, up = eh/(2m) =
9.27 - 1072* J/T the Bohr magneton and & = (61, 62, 63) the vector of Pauli

matrices:
~ (01
T=\10
0—i
i 0
10
0-1)/"

Q>

2

Q>

3
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The Hamiltonian operator can be written as

I:I—lth—lhw 10
) 003—5 o\o 1)

where wy = g1t Bo/h is the Larmor frequency of the system, with 4 = h/(27) the
reduced Planck constant. The initial state of the system is

[(0)) = (é) =11),

(?)=|¢>

is the state along the third component of spin. The state at time ¢ is then given by

while

(1)) = e P (0)) = e 19093/2) 4y = gmis0t/2) 4y,

because

alt)=11)

and
e*iw0&3t/2| T) — e*iw01/2| T )

The expectation value at time ¢ of the spin component along the x axis is then

d ho. h iwot /2 A —iwpt h A
(Sx(1)) = (%ff(t)zlmlw(t)) = E(T |01/ 2 Gy 7101 2) 4y = E(T lo1] 1)

Observing the
ol t)y=11),
and also
(t14)=0,
we conclude that .
(Sx(@®)) =0.

This means that if initially the spin is in the same direction of the magnetic field it
remains in that direction forever: it is a stationary state with a time-dependence only
in the phase. Instead, the components of spin which are orthogonal to the magnetic
field have always zero expectation value.
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Problem 4.2

One electron is set in a unionrm magnetic field B = (0, 0, Bp). Calculate the ex-
pectation value of the spin S along the x axis if at t+ = O the spin is along the x
axis.

Solution
The Hamiltonian operator of spin is given by

Aol
H = -hw b
> 0 03

where wy = g Bo/his the Larmor frequency of the system, with g, gyromagnetic
factor and pp Bohr magneton. The initial state of the system is

1
|¢(0)>=E(IT>+I¢>),

because
1

1
G119(0)) = —= (611 1) + a1l 1)) = NG

2

The state at time ¢ is then

(LY +11) = v0).

s A 1
[(1)) = e HI R (0)) = 7107312 — (| 1) 4] |))

NG
= % (702 1)+ 02 1)),
because
&3l 1) =11)
Falby==14)
and

efiw0&3t/2| T) — e*iwol/zl T)

e—iw05'3t/2| \L ) — eiwot/2| \l/ )
The expectation value at time ¢ of the spin component along x axis reads

($c () = WO FIGPO) = F (1 1"V + () e 072 6y (702 1)
+ el 02 ) = R (@0 | 1) e ) = Feos (won).
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Problem 4.3

One electron with spin S, initially along z axis, is under the action of a time-dependent
magnetic field B = Bj(cos (wr)e, + sin (wt)ey). Calculate the spin state at time ¢.

Solution
The Hamiltonian operator of spin is given by

A~

1
H(t) = Ehwl (cos (wt) 01 + sin (wt) &2) ,

where iw| = g.upB1, with g, gyromagnetic factor of the electron and pp Bohr
magneton. In matrix form the Hamiltonian operator reads

n h 0 wle—iwt
o= (0.,

while the spin initial state is

|w<0>>=|¢>=((1)).

The spin state at time 7 can be written instead as

1 0
[Y(@0) =a@®] 1)+ b@)]| ) =a) (0) +b() (1) ;
where a(t) and b(¢) are time-dependent functions to be determined with initial con-
ditions

a(0) =1, b(0) = 0.

The time-dependent Schrodinger equation

0 _
lhali/}(t)) =H®)|y(@),

o aim)y _ EL 0 wpe vt a(t)
b)) 2 \wiet 0 b))
Thus the complex functions a(¢) and b(t) satisfy the following system of first-order
ordinary differential equations:

can be written as

2ia(t) = wi e (),
2ib(t) = w " a(r).
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The time-dependent phase factors can be removed introducing the new variables c(¢)
and d(t) such that

a(t) = "2 c(r),
d(t) = e "2 4().

The differential system then becomes

2i¢(t) =we(t) + w1 d(@),
2id(t) = —wd(t) + w (7).

This system can be solved by using the Laplace transform

F(s) = /OO f@) e dt
0

Indeed, by applying the Laplace transform, the system becomes

20 (sC(s) —c(0) =wC(s) +wi D(s).
2i (s D(s) —d(0)) = —w D(s) + w; C(s).

Taking into account the initial conditions ¢(0) = 1 and d(0) = 0, one can get D(s)
from the second equation, namely

wi

2is +w

D(s) = C(s),

and insert it into the first one. In this way

Cs) = — YR

+l._—7
w% + 52 2wR w% + 52

where wg = %‘ /w% + w? is the so-called Rabi frequency. By applying the Laplace
anti-transform we immediately obtain

() = — cos (wrt) + i —— sin® (wg).
2wR

Coming back to the initial variables a(¢) and b(¢) we eventually find

2 2 2
w w w .
la@)? = — + 5 cos® (wrb), b(0)? = 5 sin® ().
dwp  dwy 4wy
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which clearly satisfy the ralation |a(r)|*> + |b(t)|> = 1. Notice that for w = 0 it
follows wg = w1 /2 from which

la()|* = cos? (wgt), |b(1))? = sin? (wgt).

In this case there is complete spin-flip during the dynamics.

Problem 4.4
Derive the non relativistic formula of Bohr for the spectrum of the hydrogen atom
from the relativistic expression

2
mc 2

E,; = = —mc
1+ Q .
(n—j—%+,/(/+%>2—a2)

which is obtained from the Dirac equation, expanding it in powers of v >~ 1/137 at
order .

Solution
Setting x = o the relativistic spectrum cha be written as

Ex) = mc2f(x) — mcz,
where

. 12
=11 B ——
T ( +(A+Jﬁ)2) ’

with A =n—j—1/2e B = (j 4+ 1/2)%. Let us now expand f(x) in MacLaurin
series at first order:

f@) = f0)+ f'(O)x,

where

fO =1
"y=-—-+—-1__— _11
FO=-dim =ik

We get at first order in x

5 X 2 1 X
E(x) =mc” — Emc 3 —mc” = —Emc ok
namely
1 2a2
En = —sz n—z,

which is exactly the non relativistic Borh formula.
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Problem 4.5
Calculate the fine splitting for the state |3 p) of the hydrogen atom.

Solution
From the relativistic formula of the energy levels of the hydrogen atom

2
mc )

E,; = : — mc
1+ = ~
(n—j—%+,/(j+%)2—a2)

expanding to order o* we get

2
0 « 1 3
Enj:E'(’)|:l+ n (j+l_4n):|
2

2
E,go) _ —lmcza— _ 13.6eV

where

27 2 n?

The integer number j is the quantum number of the total angular momentum J =
L+S,where j =1/2ifl =0and j =1 —1/2,1 4+ 1/2if | # 0. The state |3p)
means n = 3 and/ = 1, consequently j = 1/2 or j = 3/2. The hyperfine correction
for j = 1/2 reads

2 1 2 13.6eV 1
AE, = QY (1= L) = gt o 130c = 2011075 V.
2 3 4 4 9 1372.4

The hyperfine correction for j = 3/2 is instead

21 1 2 136eV 1
AE s =EQ (o) =0 = 22— 671106V,
2 3\2 2 12 9 137212
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Chapter 5
Energy Splitting and Shift Due
to External Fields

In this chapter we study the Stark effect and the Zeeman effect on atoms, and in
particular on the Hydrogen atom. In the Stark effect one finds that an external constant
electric field induces splitting of degenerate energy levels and energy shift of the
ground-state. Similarly, in the Zeeman effect an external constant magnetic field
induces splitting of degenerate energy levels, but the splitting properties strongly
depend on the intensity of the external magnetic field.

5.1 Stark Effect

Let us consider the Hydrogen atom under the action of a constant electric field E.
We write the constant electric field as

E=Eu = (0,0,E), (5.1)

choosing the z axis in the same direction of E. The Hamiltonian operator of the
system is then given by

H = Hy + Hy, (5.2)
where
. ]32 62
Hy="— — (5.3)

- 2m  4dmeyr

is the non-relativistic Hamiltonian of the electron in the hydrogen atom (with m = m,
the electron mass), while

H =—e¢p(r)=eE -r=—d-E = cEz (5.4)
L. Salasnich, Quantum Physics of Light and Matter, UNITEXT for Physics, 99

DOI: 10.1007/978-3-319-05179-6_5, © Springer International Publishing Switzerland 2014
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is the Hamiltonian of the interaction due to the electric scalar potential ¢(r) = —E-r
such that E = —V ¢, with —e electric charge of the electron and d = —er the electric
dipole.
Let |nlm;) be the eigenstates of Hy, such that
Holnlm;) = E|nlm;) (5.5)
with 13.6
EV = ———ev, (5.6)
n

the Bohr spectrum of the hydrogen atom, and moreover
L2 |nlm)y = B2 1+ 1) |nlmy),  L.nlmy) = hmy |nlm;). (5.7)
At the first order of degenerate perturbation theory the energy spectrum is given by
E,=E® +ED, (5.8)
where E,(ll) is one of the eigenvalues of the submatrix H " whose elements are

al(,"n)i;’ by = (nl'm)| Hy\nlmy) = eE (nl'm)|z|nlmy). (5.9)
Thus, in general, there is a linear splitting of degenerate energy levels due to the
external electric field E. This effect is named after Johannes Stark, who discovered it
in 1913. Actually, it was discovered independently in the same year also by Antonino
Lo Surdo.

It is important to stress that the ground-state |1s) = [n = 1,1 = 0, m; = 0) of the
hydrogen atom is not degenerate and for it (1s|z|1s) = 0. It follows that there is no
linear Stark effect for the ground-state. Thus, we need the second order perturbation
theory, namely

E=E” +E" +E?, (5.10)
where
E"Y = (100/eEz|100) = 0, (5.11)

=2y (5.12)

E® _ Z |(nlmy|eEz|100)> 5 5~ |(n10]2|100)
1= TR0 _ L0 ©) _ £O
E] —E, n=2 El —Ey

nlm;#100
where the last equality is due to the dipole selection rules. This formula shows that

the electric field produces a quadratic shift in the energy of the ground state. This
phenomenon is known as the quadratic Stark effect.
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5.1 Stark Effect
(5.13)

The polarizability ¢y, of an atom is defined in terms of the energy-shift AE; of
the atomic ground state energy £ induced by an external electric field E as follows:

1 2
AEy = —5 opE”.

(5.14)

Hence, for the hydrogen atom we can write
02 &\ [(n10]z]100))? 9 e’r}
ap = — =———=,
(0) (0) 0
n=2 El —En 4 El

where the last equality is demonstrated in Problem 5.2, with r( the Bohr radius.

5.2 Zeeman Effect
Let us consider the hydrogen atom under the action of a constant magnetic field B.
According to the Pauli equation, the Hamiltonian operator of the system is given by
(5.15)

N 2
) A 2
po@red) 2 .oy
2m dreg r
_%3 (5.16)

where
is the spin dipole magnetic moment, with S the spin of the electron, and A is the
vector potential, such that B = V A A. Because the magnetic field B is constant, the

5.17)

vector potential can be written as
1

A=-BAr,

2

and then
(P+eA)’ =p>+2ep-A+ A2 =p> +2B-L+EBADE,  (5.18)
with L = r A Pp. In this way the Hamiltonian can be expressed as
H = Hy + Hy, (5.19)
(5.20)

~2 2
N e
P
2m  dmeyr

where
is the non-relativistic Hamiltonian of the electron in the hydrogen atom, while



102 5 Energy Splitting and Shift Due to External Fields

2
Hi=—ji B+ (BAr> (5.21)
8m

is the Hamiltonian of the magnetic interaction, with
~ ~ ~ e =~ A
fo= i+ fig = ——(L + 38) (5.22)
2m

the total dipole magnetic moment of the electron. We now write the constant magnetic
field as

B=2Bu, =(0,0,B), (5.23)

choosing the z axis in the same direction of B. In this way the interaction Hamiltonian
becomes

A eB A A 6232 2 2
i =L (LZ + ZSZ) + 522 4. (5.24)
2m 8m

The first term, called paramagnetic term, grows linearly with the magnetic field B
while the second one, the diamagnetic term, grows quadratically. The paramagnetic
term is of the order of ;3B, where g = eh/(2m) = 9.3 x 1072*J/T = 5.29 x
1072 eV/T is the Bohr magneton. Because the unperturbed energy of Hy is of the
order of 10eV, the paramagnetic term can be considered a small perturbation.

5.2.1 Strong-Field Zeeman Effect

Usually the diamagnetic term is much smaller than the paramagnetic one, and
becomes observable only for B of the order of 10°/n* T, i.e. mainly in the astrophys-
ical context. Thus in laboratory the diamagnetic term is usually negligible (apart for
very large values of the principal quantum number 7) and the effective interaction
Hamiltonian reads

eB /. A
H; = —( .+ 252). (5.25)
2m
Thus (5.20) is the unperturbed Hamiltonian and (5.25) the perturbing Hamiltonian. It
is clear that this total Hamiltonian is diagonal with respect to the eigenstates |nlm;my)
and one obtains immediately the following energy spectrum

Epmym, = EX + 115B (my + 2my) . (5.26)

where E,(lo) is the unperturbed Bohr eigenspectrum and pp = eh/(2m) is the Bohr
magneton, with m the mass of the electron. Equation (5.26) describes the high-field
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Zeeman effect, first observed in 1896 by Pieter Zeeman. The field B does not remove
the degeneracy in [ but it does remove the degeneracy in m; and m;s. The selection
rules for dipolar transitions require Amg; = 0 and Am; = 0, £1. Thus the spectral
line corresponding to a transition n — n’ is split into 3 components, called Lorentz
triplet (Fig. 5.1).

5.2.2 Weak-Field Zeeman Effect

In the hydrogen atom the strong-field Zeeman effect is observable if the magnetic field
Bis between about 1 /73 T and about 10°/n* T, with n the principal quantum number.
In fact, as previously explained, for B larger than about 10°/n* T the diamagnetic
term is no more negligible. Instead, for B smaller than about 1/n° T the splitting due
to the magnetic field B becomes comparable with the splitting due to relativistic fine-
structure corrections. Thus, to study the effect of a weak field B, i.e. the weak-field
Zeeman effect, the unperturbed non-relativistic Hamiltonian Hy given by the Eq.
(5.20) is no more reliable. One must use instead the exact relativistic Hamiltonian
or, at least, the non-relativistic one with relativistic corrections, namely

Ho = Hoo + Ho,1 + Ho + Ho 3, (5.27)
where

. R, e?

Hyo=——V"— 5.28
0.0 2m dreg r ( )

H R g (5.29)
o1 8m3c? '

X 1 14V

Hy, = - L-S, 5.30
02 = m22r dr (>30)

. o,

Hos = o 75V V), (5.31)

with ﬁlo,o the non relativistic Hamiltonian, 1:10,1 the relativistic correction to the elec-
tron kinetic energy, 1:10,2 the spin-orbit correction, and 1210,3 the Darwin correction.
In any case, m; and m; are no more good quantum numbers because i,z and S‘Z do not
commute with the new I:IO.

The Hamiltonian (5.27) commutes instead with L2, §2, J2 and jz. Consequently,
for this Hamiltonian the good quantum numbers are n, [, s, j and m;. Applying again
the first-order perturbation theory, where now (5.27) is the unperturbed Hamiltonian
and (5.25) is the perturbing Hamiltonian, one obtains the following energy spectrum

0 1
Enjm = E,g,; + D (5.32)

n,l,s.j,m;’

where Er(loj) is the unperturbed relativistic spectrum and
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Mo Magnetic Field Magnetic Field present
/ my = 2
my = 1
I=2 / m; =0
\\ ml = =1
m; = -2
hv
v v v my = 1
-1 v \ 4 v Yl m-o
IR 2R 2R my = -1
A my = +1 A my = -1
A mI i 0
Spectrum without Spectrum with magnetic
magnetic field field present

Fig. 5.1 Zeeman effect for the hydrogen atom. Due to a (strong) magnetic field the energy of the
degenerate excited state |2p) = |[n = 2, [ = 1) is split into 3 levels and the energy of the degenerate
excited state |3d) = |n = 3,1 = 2) is split into 5 levels. But the spectral lines are always three
(Lorentz triplet)

0 _eB R - .
E = (n,1,s,j,mj|L; +28;|n, L, s, j, m;) (5.33)
m

n,l,s.j,m; 2

is the first-order correction, which is indeed not very easy to calculate. But we can
do it. First we note that

(n 1, s, j.mj|L, + 28 |n, 1, s, j,mj) = (n, 1, s, j,mj|J, + S:|n, 1, s, j, m;)
=hmj+(n,1,s,j, mj|3’2|n, l,s,j,m).
(5.34)

Then, on the basis of the Wigner-Eckart theorem,! we have

IAThAe Wigner-EAckart theorem states that for any vector operator vV = (‘A/l, ‘72, \73) such that
[Ji, Vj] = ihe;i Vi holds the identity
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REG+1)(n, 1, s, j, mi|S|n, L, s, j, mj) = (n, 1,5, j, mi|(S-D) I |n, L, s, j, mj), (5.35)
from which we obtain

RG + Din, 1, s, j,mIS:In, 1, s, j, m)
= hmj(n, 1, s, ], mj|§ . j|n, l,s,j,mj)
1 fnr ny
= hmjn, .., mj) > (12 +82 - L2) In. 1, s.j, m;)

= hm,éhz GG+ D +sts+1)—I1+1)). (5.36)

In conclusion, for a weak magnetic field B the first-order correction is given by

1
Ey) s iom = 18 B g1 m, (5.37)

where pp = eh/(2m) is the Bohr magneton, and

D HsGHD =10+ )
grsj =1+ 50T D) (5.38)

is the so-called Landé factor. Clearly, in the case of the electron s = 1/2 and the
Landé factor becomes

JG+D =1+ +3/4

=14 . 5.39
gi,j 2](]+ 1) ( )

Strictly speaking, the energy splitting described by Eq. (5.37) is fully reliable only
for a weak magnetic field B in the range 0T < B < 1/n> T, with n the principal
quantum number. In fact, if the magnetic field B approaches 1/n° T one observes
a complex pattern of splitting, which moves by increasing B from the splitting
described by Eq. (5.37) towards the splitting described by Eq. (5.26). This tran-
sition, observed in 1913 by Friedrich Paschen and Ernst Back, is now called the
Paschen-Back effect.

(Footnote 1 continued)

(1,5, j,mi\Vin, L s, j,m) = (n, s, j, mi|(V - ) JIn, 1, 5, j, mj).

In our case V = S and we have considered the z component only.
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5.3 Solved Problems

Problem 5.1
Determine the Stark splitting for the state |2p) of the hydrogen atom in a electric
field of 107 V/m.

Solution
We write the constant electric field as E = E u,, choosing the z axis in the same
direction of E. The Hamiltonian operator is given by

H=Hy+H,
where - 5
A e

o= P

- 2m  dweyr
is the Hamiltonian of the unperturbed system, while
H 1=¢E -r=c¢Ez

is the Hamiltonian of the perturbation due to the electric field, with e electric charge
of the electron. Let |nlm;) be the eigenstate of Hp, such that

I:Io|nlm1) = E,go) |nlmy)

with 13.6
(O .
E) =— P eV,

the Bohr spectrum of the hydrogen atom, and moreover
L2|nlm)) = BRI+ 1) |nlmy), L |nlm;) = hmy |nlm;).
At the first order of perturbation theory the energetic spectrum is given by
E,=EY 4+ ED,
where E,(Ll) is one of the eigenvalues of the submatrix H " whose elements are

(n)

ara /o1
Vi = (nl'mj|Hy|nlmy) = eE (nl'mj|z|nlmy).

Ifn=2then!=0,1andm; = -, -1+ 1,...,01—1,[,i.e.m; = 0if [ = 0 and

my; = —1,0, 1if ] = 1. It follows that the submatrix ﬁ]fz) is a4 x 4 matrix, given by
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(2 2) ) (2)
0,00 “oo,10 %00,11 400,11
. ) R ) R ) S )
g% - 10,00 410,10 410,11 %10,1-1
1 2 ) 2) 2
i g n i
A1_1,00 41-1,10 41-1,11 41-1,1-1

Note that
(nl'm|zldmy) = (nd'm]\2|nlm) Sy, O

i.e. the selection rules A/ = £1 and Am; = 0 hold. It follows that many elements
of the submatrix H 1(2) are zero:

0 ay) 00
A - alggy 0 00
0 0 00
0 0 00

and also a(%)) 0= a%) 00~ One finds immediately that 2 eigenvalues of H {2) are zero.

To determine the other 2 eigenvalues it is sufficient to study the 2 x 2 given by
(2
2 _ 0 agg,10
H™ =1 0 )
0,10

A2 = £ay) o = £e E (200[z]210).

whose eigenvalues are

We must now calculate (200|z|210). By using the completeness relation

1= /d3r|r><r|,

this matrix element can be written as
(200(z]210) = (200|/d3r|r)(r|z|210) =/d3r<200|r>z<r|210>
= /d3r1/)500(r)Z¢§10(r)~

For the hydrogen atom one has



108 5 Energy Splitting and Shift Due to External Fields

1
P00 (1) = ———— (1 — ——)e~"/@0),
2r0

\/2— 3/2

P210(r) = e /10 o5 9,

\/—r3/2

where 79 = 0.53 x 107%m is the Bohr radius. Remembering that in spherical
coordinates z = r cos 6, we get

o0 27 T
/d r Y300 (r)z¢210(r) = / drr? d(b/ d0 sin 0 130 (r) rcos 0 Y5 o(r)
0 0

o0 2 1
. /d —r/r A — L)/dqs/d(cose) cos? 0
1671';’0 J 2ro / 1

1 o0
— dr e/ 4 1_7
12r30/ ( rO)

! (=3672) 3
= 74 — ro = —Jro,
12r0

namely
(200|z]210) = —3ry.

Finally, the possible values of the perturbing energy Eél) read

3eEry
-lo
—3eErg

It follows that the unperturbed energy Eéo) splits into 3 levels, given by E» = Eéo) +

E;l), but the central one of them coincides with the unperturbed level. In conclusion,
the Stark splitting is

\%
AE, = £3¢Erg = £3e x 107 — x 0.53 x 107 'm = £1.6 x 103 eV
m

Problem 5.2
Calculate the Stark shift of the state |1s) of the hydrogen atom in a electric field of
107 V/m.

Solution
We write the constant electric field as E = E e,, choosing the z axis in the same
direction of E. The Hamiltonian operator is given by
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5.3 Solved Problems
H = Hy+ H,

2

A
N e
P

2m  4dweor

where

is the Hamiltonian of the unperturbed system, while
H 1=eE-r=c¢Ez
=n=1,1=

is the Hamiltonian of the perturbation due to the electric field, with e electric charge
of the electron. At first order of perturbation theory the energy of |1s)
Eio) + E(l),

0, m; = 0) is given by
El =

where
EY = —136eV,

(100|H1|100) = ¢ E (100|z/100) = 0.
+1e Am; = 0. Thus

while E fl)
EW =
This matrix element is zero due to the selection rules Al

we need the second order perturbation theory, namely
E=E”+ED +E®,

[(n10]eEz|100) |2

where
E® _ Z |(nlm;|eEz|100)|? z
L 0) (0) ©0) o
w200 E1 — En = EV_Ef
by using again the selection rules. Remembering that
0)
EO — E
n2 ’

2
[(n10]z]100)|>.

we can write
(2) e E
1 E© 2 _
1 n=2 (n D
In addition, knowing that in spherical coordinates z = r cos 6, the matrix element

(n10]z|100) reads
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11020100) = [ &y (12210000
:/drr3Rn1(r)R10(r)/d¢/d9$in90089Y10(9, ?)Yoo (0, ¢).
0 0

Because
1 3
Yoo(0, 9) = \/T Y10(0, ¢) =/ = cosf,
T
we get

(n10]z]100) =

SI

O/ #3 Rt (M R10(F) = %rof(n),

where 79 = 0.53 x 10710 m is the Bohr radius and f (») is a function of the principal
quantum number 7. It is possible to show that
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From this exact relation we obtain

o _ €Erg21  9E
! 3E§°> 88 E(O)

Inserting the numerical values we finally get
EP = -23x10"%ev

Problem 5.3
Determine the Zeeman splitting for the states |1s) e |2p) of the hydrogen atom in a
magnetic field of 10T.

Solution
In presence of a magnetic field with intensity B between 1/n> and 10°/n* T, one has
the strong-field Zeeman effect and the energy spectrum is given by

En,m,mj = E, + pugB(m; + 2my),

where
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is the Bohr spectrum, 7; is the quantum number of the third component of the orbital
angular momentum L and m; is the quantum number of the third component of the
spin S. In addition yp = eh/(2m) = 9.3 x 1072* J/T is the Bohr magneton. In our
problem we are in the regime of validity of the strong-field Zeeman effect and

J 10"
B =9.3 x 10724 T ¥ 10T=93x 10721 =93x 1073 x TV
=58x10"%eV.
For the state |[1s) = |n = 1,/ = 0,m; = 0) one has s = % and consequently
my = —%, % It follows that
AEy_1 = —ppB=—58x10""eV
_ _ —4
AE[,O,% = upB=5.8 x 107" eV.

For the state |2p) = |n = 2,1l = 1,m; = —1,0,1) one has s = % and then

my = —%, % It follows that

AE, 1 =~2upB=~116x10""eV
AE,q_y = —ppB=—58x 1074ev

-1 2,-1,% 0

2,1,
AE, 1 =ppB=58x10"eV

AE, ;1 =2upB =116 x10""eV.

Problem 5.4
Calculate the Zeeman splitting for the state |2p) of the hydrogen atom in a magnetic
field of 5 Gauss.

Solution

The magnetic field B = 5 Gauss = 5 x 107* T is quite weak (the magnetic field
of the Earth is about 0.5 Gauss). With a field B between 0 and 1072 T, the energy
spectrum is well described by

En.1jm; = En + pg B gi,j mj,

where up = eh/(2m) = 9.3 x 10~24J/T is the Bohr magneton, 7; is the quantum
number of the third component of the total angular momentum J = L + S, and g;
is the Landé factor, given by

JjG+1) =11+ 1)+3/4

=14
i 2iG+ 1)
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In this problem the magnetic field is very weak, and one has the weak-field Zeeman

effect. For the state |2p) = |n = 2,1 = 1,m; = —1,0, 1) one has s = % and then
my = —%, % In addition, j = [ &+ L %, % from which m; = —%, —%, %, % In the

case j = 1/2 the Landé factor reads

3/4—2+43/4
a2+ 3/4

2
=1-1/3="=.
3/2 3

91,% =1

In the case j = 3/2 the Lande factor is instead given by

15/4-2+3/4 1 4

N3 =15, 373

In our problem
J
pgB =93 x 10724 T X 5% 1074T=4.6x1072"J

10"
=4.6 x 107%7 x T eV=29x108eV.

We can now calculate the Zeeman splittings. For j = % one has m; = —%, % and
then
AE — LB = 097 x 108 ev
1’%’7%——3;”; = —Vu. X €
1 -8
AEL%,% = 5#33 =0.97 x 10”°eV.
Forj = 3 has i -3 113
J = 5 one has instead m; = —5, —5, 5, 5 and then
AE, 3 3 =-2upB=~58x 107 8ev
2 -8
AEL%’_% = —glugB =—-193x10"°eV
2 -8
AEL%,% = §/~LBB =193 x10""eV
AE 5 3 =2upB =58 x 10-8ev.
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Further Reading

For the Stark effect:

R.W. Robinett, Quantum Mechanics: Classical Results, Modern Systems, and Visu-
alized Examples, Chap. 19, Sect. 19.6 (Oxford University Press, Oxford, 2006)
For the Zeeman effect:

B.H. Bransden, C.J. Joachain, Physics of Atoms and Molecules, Chap. 6, Sects. 6.1
and 6.2 (Prentice Hall, Upper Saddle River, 2003)



Chapter 6
Many-Body Systems

In this chapter we want to analyze atoms with many electrons and, more generally,
systems with many interacting identical particles. We first consider the general prop-
erties of many identical particles with their bosonic or fermionic many-body wave-
functions, and the connection between spin and statistics which explains the Pauli
principle and the main features of the periodic table of elements. We then discuss
the Hartree-Fock approximation and also the density functional theory, historically
introduced by Thomas and Fermi to model the electronic cloud of atoms and recently
applied also to atomic Bose-Einstein condensates. Finally, we illustrate the Born-
Oppenheimer approximation, which is very useful to treat molecules composed by
many electrons in interaction with several nuclei.

6.1 Identical Quantum Particles

First of all, we introduce the generalized coordinate x = (r, o) of a particle which
takes into account the spatial coordinate r but also the intrinsic spin o pertaining to
the particle. For instance, a spin 1/2 particle has 0 = —1/2,1/2 =], 1. By using
the Dirac notation the corresponding single-particle state is

|x) = [ro). (6.1)

We now consider N identical particles; for instance particles with the same mass and
electric charge. The many-body wavefunction of the system is given by

\Il(xl,xz, ...,xN) = \11(1’1,01,1'2,0'2, ...,I‘N,O'N) s (6.2)

According to quantum mechanics identical particles are indistinguishible. As a con-
sequence, it must be
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2 2
|lp(x]’x27"‘9xi7""xj7""xN)| :|‘p(x]’x27""xj’"‘7xi7""xN)| b
(6.3)

which means that the probability of finding the particles must be independent on the
exchange of two generalized coordinates x; and x;. Obviously, for 2 particles this
implies that

W (x1, x)? = W, X 6.4)

Experiments suggests that there are only two kind of identical particles which satisfy
Eq. (6.3): bosons and fermions. For N identical bosons one has

WXy, X2, ey Xiy ooy Xjyony Xy) = WX, X2, .00, Xj, o0, Xiy oo, X)), (6.5)

i.e. the many-body wavefunction is symmetric with respect to the exchange of two
coordinates x; and x ;. Note that for 2 identical bosonic particles this implies

W(xy, x2) = W(x2, x1). (6.6)
For N identical fermions one has instead

WX, X2, e Xy ooy Xjye XN) = —W(X1, X2, o, Xy ooy Xy oo XN
(6.7)

i.e. the many-body wavefunction is anti-symmetric with respect to the exchange of
two coordinates x; and x ;. Note that for 2 identical fermionic particles this implies

W(xy, x2) = =W (x2, x1). (6.8)

An immediate consequence of the anti-symmetry of the fermionic many-body wave-
function is the Pauli Principle: if x; = x; then the many-body wavefunction is zero.
In other words: the probability of finding two fermionic particles with the same
generalized coordinates is zero.

A remarkable experimental fact, which is often called spin-statistics theorem
because can be deduced from other postulates of relativistic quantum field theory, is
the following: identical particles with integer spin are bosons while identical particles
with semi-integer spin are fermions. For instance, photons are bosons with spin 1
while electrons are fermions with spin 1/2. Notice that for a composed particle it
is the total spin which determines the statistics. For example, the total spin (sum of
nuclear and electronic spins) of *He atom is 0 and consequently this atom is a boson,
while the total spin of *He atom is 1/2 and consequently this atom is a fermion.
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6.2 Non-interacting Identical Particles

The quantum Hamiltonian of N identical non-interacting particles is given by
N
Hy =) h(xi) (6.9)
i=1

where A(x) is the single-particle Hamiltonian. Usually the single-particle Hamil-
tonian is given by

h(x) = —f—mvz +UT), (6.10)

with U (r) the external confining potential. In general the single-particle Hamiltonian
h satisfies the eigenvalue equation

h(x) ¢n(x) = € n(x) (6.11)

where ¢, are the single-particle eigenenergies and ¢, (x) the single-particle eigen-
functions, withn =1, 2, ....

The many-body wavefunction ¥ (x1, x3, ..., xy) of the system can be written in
terms of the single-particle wavefunctions ¢, (x) but one must take into account the
spin-statistics of the identical particles. For N bosons the simplest many-body wave
function reads

W(xy, X2, ..., xN) = @1(x1) Pp1(x2) ... d1(xN) , (6.12)

which corresponds to the configuration where all the particles are in the lowest-
energy single-particle state ¢1(x). This is indeed a pure Bose-Einstein condensate.
Note that for 2 bosons the previous expression becomes

W(x1, x2) = ¢1(x1)d1(x2). (6.13)

Obviously there are infinite configuration which satisfy the bosonic symmetry of the
many-body wavefunction. For example, with 2 bosons one can have

W(x1, X2) = Pa(x1)P4(x2) , (6.14)

which means that the two bosons are both in the fourth eigenstate; another example

is
1
NG (G1(x1)P2(x2) + Pr(x2)Pa(x1)) (6.15)

W(xy,x2) =
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Fig. 6.1 Ground-state of a system of identical non-interacting bosons (a) and fermions (b) is a
harmonic trap

where the factor 1/+/2 has been included to maintain the same normalization of the
many-body wavefunction, and in this case the bosons are in the first two available
single-particles eigenstates.

For N fermions the simplest many-body wave function is instead very different,
and it is given by

d1(x1) d1(x2) ... d1(xN)
d2(x1) P2(x2) ... d2(xy)
W(xg, X2, ..., XN) = — (6.16)
/N1
On(x1) dn(x2) ... dN(xN)
that is the so-called Slater determinant of the N x N matrix obtained with the N
lowest-energy single particle wavefunctions v, (x), withn = 1,2, ..., N, calculated
in the N possible generalized coordinates x;, withi = 1,2, ..., N. Note that for 2
fermions the previous expression becomes

1
W(xy, x2) = E (¢1(x1)P2(x2) — P1(x2)P2(x1)) . (6.17)

We stress that for non-interacting identical particles the Hamiltonian (6.9) is sep-
arable and the total energy associated to the bosonic many-body wavefunction (6.12)
is simply

E=Ne¢, (6.18)

while for the fermionic many-body wavefunction (6.16) the total energy (in the
absence of degenerate single-particle energy levels) reads

E=¢e+e+ ---+en, (6.19)
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which is surely higher than the bosonic one. The highest occupied single-particle
energy level is called Fermi energy, and it indicated as ef; in our case it is obviously
€EF = €N.

Notice the above definition of Fermi energy er can be considered acceptable
in many contexts and is a simple and effective definition, especially for the zero-
temperature Fermi gas. Unfortunately it is imprecise in some contexts, e.g. finite
systems with a nonzero gap between the last full and first empty state. A better
definition, such as the limit for 7 — 0 of the chemical potential . (see Sect.7.5)
would lead to some intermediate value between the energy of the highest occupied
state and that of the lowest empty state.

6.2.1 Uniform Gas of Non-interacting Fermions

A quite important physical system is the uniform gas of non-interacting fermions. It
is indeed a good starting point for the description of all the real systems which have
a finite interaction between fermions.

The non-interacting uniform Fermi gas is obtained setting to zero the confining

potential, i.e.
Ur)=0, (6.20)

and imposing periodicity conditions on the single-particle wavefunctions, which are
plane waves with a spinor

1.
o(x) = NG e*rxo (6.21)

where , is the spinor for spin-up and spin-down along a chosen z asis:

1 0

At the boundaries of a cube having volume V and side L one has

PR OTD) — gikex ik L) gikyy  ikeL) ket (6.23)

It follows that the linear momentum k can only take on the values

27 2T 27
ky, = Tnx . ky=—ny, k;= Tnz , (6.24)

where ny, ny, n; are integer quantum numbers. The single-particle energies are given
by
Rk R 4n?

2 2 2
€k = o —zmﬁ(”x+”y+”z)~ (6.25)
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In the thermodynamic limit L — oo, the allowed values are closely spaced and one
can use the continuum approximation

> / dny dny dn, (6.26)

Ny, Ny, N

which implies

L’ Pk=V —d3k 6.27
Zﬁ(hﬁ/ I ANCYSER (6.27)

k

The total number N of fermionic particles is given by
N=>">0(r—a), (6.28)
ok

where the Heaviside step function ® (x), suchthat ®(x) = Oforx < Oand ®(x) =1
for x > 0, takes into account the fact that fermions are occupied only up to the
Fermi energy e, which is determined by fixing N. Notice that at finite temperature
T the total number N of ideal fermions is instead obtained from the Fermi-Dirac

distribution, namely
1
N=>> P (6.29)
ok

where 3 = 1/(kpT), with kp the Boltzmann constant, and x is the chemical potential
of the system. In the limit 3 — +o0, i.e. for T — 0, the Fermi-Dirac distribution
becomes the Heaviside step function and p is identified as the Fermi energy €f.

In the continuum limit and choosing spin 1/2 fermions one finds

d’*k h2k?
Ve 2V [ae(r-2r): ¢

from which one gets (the sum of spins gives simply a factor 2) the uniform density

N 1 2meg 3/2
r=v=335 ) (6.31)

The formula can be inverted giving the Fermi energy er as a function of the density

p, namely

h2 2/3

- (37r p) . (6.32)
2m

In many applications the Fermi energy € is written as
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_ PG
€F = , (6.33)
2m
where kF is the so-called Fermi wave-number, given by
1/3
kp = (37r2p) . (6.34)

The total energy E of the uniform and non-interacting Fermi system is given by
E=>> e&®O(r—a, (6.35)
ok

and using again the continuum limit with spin 1/2 fermions it becomes
d’k  h*k? h2k?
E = -—, 6.36
Z / @n)? 2m (6F 2m ) (6.36)

from which one gets the energy density

f=t 2, = (6.37)

E 3 3 K2 2/3
372 5/3
V.5 52m ( T ) P

in terms of the Fermi energy er and the uniform density p.

6.2.2 Atomic Shell Structure and the Periodic
Table of the Elements

The non-relativistic quantum Hamiltonian of Z identical non-interacting electrons
in the neutral atom is given by

Z
Hy = Zf,(r,-), (6.38)

where A(r) is the single-particle Hamiltonian given by

2
h(r) = —;—mv2 + U(r), (6.39)

with

(6.40)
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Table 6.1 Lightest atoms and their ground-state energy E on the basis of single-particle energies

Z Atom Symbol E

1 hydrogen H er(l)

2 helium He 2¢1(2)

3 lihium Li 2e1(3) + e2(3)

4 berylium Be 2€1(4) +2e2(4)

5 boron B 2€e1(5) 4+ 3e2(5)

6 carbon C 2¢1(6) + 4€2(6)

7 nitrogen N 2€1(7) + 5€2(7)

8 oxygen O 2€1(8) + 6€,(8)

9 fluorine F 2€1(9) + 7€2(9)

10 neon Ne 2€1(10) + 8e2(10)

11 sodium Na 2¢1(11) + 8e(11) + €3(11)
12 magnesium Mg 2e1(12) + 8e2(12) + 2¢e3(12)
13 aluminium Al 2€1(13) + 8ex(13) + 3e3(13)
14 silicon Si 2¢1(14) + 8¢ (14) + 4e3(14)

the confining potential due to the attractive Coulomb interaction between the single
electron and the atomic nucleus of positive charge Ze, with e > 0.

Because the confining potential U (r) is spherically symmetric,i.e. U (r) = U(|r]),
the single-particle Hamiltonian h satisfies the eigenvalue equation

h(E) Gatmym, (®) = €4(Z) Gutmym (), (6.41)
where
Z2
en(Z) =—13.6¢V = (6.42)
n

are the Bohr single-particle eigenenergies of the hydrogen-like atom, and
Onimym, (X) = Ryi(r)Yim, (0, ¢) are the single-particle eigenfunctions, which de-
pends on the principal quantum numbers n = 1, 2, .. ., the angular quantum num-
ber [ = 0,1,...,n — 1, the third-component angular quantum number m; =
-1, —=l+1,...,1—1,1, and the third-component spin quantum number m; = —%, %
Notice that here

¢nlm1mx (r) = ¢nlm1 (r,o) (6.43)

with ¢ =1 for my; = % and o0 = formg = —% (Table 6.1).

Due to the Pauli principle the ground-state energy E of this system of Z electrons
strongly depends of the degeneracy of single-particle energy levels. In the Table we
report the ground-state energy E of the lightest atoms on the basis of their single-
particle energy levels €, (Z).

The degeneracy of the single-particle energy level ¢,(Z) is clearly independent
on Z and given by
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n—1
deg(en(Z)) = D 22l +1) =2n* (6.44)
=0

which is the maximum number of electrons with the same principal quantum number
n. The set of states with the same principal quantum number is called theoretical shell.
The number of electrons in each theoretical shell are: 2, 8, 18, 32, 52. One expects
that the more stable atoms are characterized by fully occupied theoretical shells.
Actually, the experimental data, namely the periodic table of elements due to Dmitri
Mendeleev, suggest that the true number of electrons in each experimental shell are
instead: 2, 8, 8, 18, 18, 32, because the noble atoms are characterized the following
atomic numbers:

2,248=10,24+8+8=18,2+8+8+18=36, 2+ 8+ 8+ 18+ 18 = 54,
2+8+8+184+18+32=286,

corresponding to Helium (Z = 2), Neon (Z = 10), Argon (Z = 18), Krypton
(Z = 36), Xenon (Z = 54), and Radon (Z = 86). The experimental sequence is
clearly similar but not equal to the theoretical one, due to repetitions of 8 and 18.

It is important to stress that the theoretical sequence is obtained under the very
crude assumption of non-interacting electrons. To improve the agreement between
theory and experiment one must include the interaction between the electrons.

6.3 Interacting Identical Particles

The quantum Hamiltonian of N identical interacting particles is given by

N N
A . 1 . .
Hzizlh(xi)-i_z'jZIV(Xi’xj)ZHO-’_HI’ (645)
= L, ]j=
i#]

where / is the single-particle Hamiltonian and V (x;, x;) is the inter-particle potential
of the mutual interaction. In general, due to the inter-particle potential, the Hamil-
tonian (6.45) is not separable and the many-body wavefunctions given by Egs. (6.12)
and (6.16) are not exact eigenfunctions of H.

6.3.1 Variational Principle

Many approaches to the determination of the ground-state of an interacting many-
body system are based on the so-called variational principle, which is actually a
theorem.
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Theorem 1 For any normalized many-body state |V), i.e. such that (W|¥) = 1,
which belongs to the Hilbert space on which acts the Hamiltonian H, one finds

(W|H|W) > Egy, (6.46)

where E g is the ground-state energy of the system and the equality holds only if |V) =
[Wys) with |Wy,) ground-state of the system, i.e. such that H|Wgs) = Eg|Wgs).

Proof The many-body Hamiltonian H satisfies the exact eigenvalue problem
H|Wa) = Eq|Wa), (6.47)

where E,, are the ordered eigenvalues, i.e. such that Eg < E; < E» < --- with
Ey = Eg4, and |¥,) the corresponding orthonormalized eigenstates, i.e. such that
(Wo|Wg) = 0a,p With [Wg) = |W,). The generic many-body state | W) can be written
as

W) =D calWa), (6.48)

where ¢, are the complex coefficients of the expansion such that

D leal? = 1. (6.49)

Then one finds

(WIH|W) = D" chep (Wal HIWg) = D chep Eg (WalWs) = D cheg Egdas
a,f a,3 a3

=D leal* Ea = D Ical® Eo = Eg = Eg. (6.50)
« «

Obviously, the equality holds only if ¢p = 1 and, consequently, all the other coeffi-
cients are zero.

In 1927 by Douglas Hartree and Vladimir Fock used the variational principle to
develop a powerful method for the study of interacting identical particles. We shall
analyze this variational method in the following subsections.

6.3.2 Hartree for Bosons

In the case of N identical interacting bosons the Hartree approximation is simply
given by
Wxr, x2, ..., x8) = o(x1) ¢(x2) ... d(xn), (6.51)
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where the single-particle wavefunction ¢(x) is unknown and it must be determined
in a self-consistent way. Notice that, as previously stressed, this factorization implies
that all particles belong to the same single-particle state, i.e. we are supposing that
the interacting system is a pure Bose-Einstein condensate. This is a quite strong
assumption, that is however reliable in the description of ultracold and dilute gases
made of bosonic alkali-metal atoms (in 2001 Eric Cornell, Carl Weiman, and Wolfang
Ketterle got the Nobel Prize in Physics for their experiments with these quantum
gases), and which must be relaxed in the case of strongly-interacting bosonic systems
(like superfluid “He). In the variational spirit of the Hartree approach the unknown
wavefunction ¢(x) is determined by minimizing the expectation value of the total
Hamiltonian, given by

(VA V) = /dxldxz o dx NV (xy, X2, o XNV HY (X1, X2, -, XN, (6.52)

with respect to ¢(x). In fact, by using Eq. (6.45) one finds immediately
A A 1

(VIH|W) = N/dx P* ()R (x)P(x) + EN(N - 1)/dx dx’ |60V (x, x| ()],

(6.53)

which is a nonlinear energy functional of the single-particle wavefunction ¢(x). It

is called single-orbital Hartree functional for bosons. In this functional the first term

is related to the single-particle hamiltonian % (x) while the second term is related to

the inter-particle interaction potential V (x, x"). We minimize this functional with the
following constraint due to the normalization

/ dx |¢p(x)]> = 1. (6.54)
We get immediately the so-called Hartree equation for bosons

[G) + Unp )] 60) = € 610), (6.55)

where the mean-field potential U, s (x) reads

Unr(x) = (N — 1)/dx/ V(x, x') |p(x)? (6.56)

and e is the Lagrange multiplier fixed by the normalization. It is important to observe
that the mean-field potential Uy, ¢ (x) depends on ¢(x) and it must be obtained self-
consistently. In other words, the Hartree equation of bosons is a integro-differential
nonlinear Schrodinger equation whose nonlinear term gives the mean-field potential
of the system.

In the case of spinless bosons, where |x) = |r), given the local bosonic density
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p(r) = N|o(r) [, (6.57)

under the assumption of a large number N of particles the Hartree variational energy
reads

2
(V| H|WV) = N/d3r &*(r) [—;—vz + U(r)] o(r) + %/d3r & pm)Vr —r')p)
m
(6.58)
while the Hartree equation becomes

2
[—;—mvz +U(r) +/d3r/ Ve —r) p(r/)} S(E) = € (). (6.59)

To conclude this subsection, we observe that in the case of a contact inter-particle
potential, i.e.
Vir—r)=gd@—r), (6.60)

the previous Hartree variational energy becomes
2 3. g% & 2 g 3 2
(VIH|V) =N [ d°r ¢*(1) —%V +U(r) qS(r)—i—z d’r p(r) (6.61)

and the corresponding Hartee equation reads

h2
[—%Vz +U) +yg P(r)} P(r) = € o(r), (6.62)

which is the so-called Gross-Pitaevskii equation, deduced in 1961 by Eugene Gross
and Lev Pitaevskii.

6.3.3 Hartree-Fock for Fermions

In the case of N identical interacting fermions, the approximation developed by
Hartree and Fock is based on the Slater determinant we have seen previously, namely

o1(x1) ¢1(x2) ... d1(xn)
P2(x1) P2(x2) ... P2(xn)

M=o T
dn(x1) dn(x2) ... dn(xN)

W(x, x2, .. (6.63)

where now the single-particle wavefunctions ¢, (x) are unknown and they are de-
termined with a variational procedure. In fact, in the Hartree-Fock approach the
unknown wavefunctions ¢, (x) are obtained by minimizing the expectation value of
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the total Hamiltonian, given by
(\1/|1§r|w>=/dx1dxz o dxy W, Xy o X)) HY (X1, X2, X)), (6.64)

with respect to the N single-particle wavefunctions ¢, (x). By using Eq. (6.45) and
after some tedious calculations one finds

s s * A 1 o / / /
(W H|P) :Z‘/dx OF )G () + 5 i,Z;‘l [/dx dx ;)P (. 1)1 ()P
i#j

—/dx dx’ ¢7(X)¢j(x)V(x,X’)¢7(x')¢i(x’)], (6.65)

which is a nonlinear energy functional of the N single-particle wavefunctions ¢; (x).
In this functional the first term is related to the single-particle Hamiltonian h(x) while
the second and the third terms are related to the inter-particle interaction potential
V(x, x"). The second term is called direct term of interaction and the third term is
called exchange term of interaction. We minimize this functional with the following
constraints due to the normalization

/dx lpi())>=1, i=12,...,N, (6.66)
where, in the case of spin 1/2 particles, one has
$i(x) = ¢i(r,0) = $i(r,0) xo (6.67)
with y, the two-component spinor, and the integration over x means
/ dx = / d’r >, (6.68)

o=1.4

such that

/dx |¢i<x)|2=/d3r > e, a>|2=/d3r > 1dir o, (6.69)

o=m1.{ o=t.{

because x%x, = 1 and more generally x} X = 05,0
After minimization of the energy functional we get the so-called Hartree-Fock
equations

[76) + Onp )] i) = i) (6:70)
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where ¢; are the Lagrange multipliers fixed by the normalization and Up risanonlocal
mean-field operator. This nonlocal operator is given by

N

g (x) 6i(x) = Ua(x) 6i(x) — > UL (1) (x), (6.71)
j=1
where the direct mean-field potential U, (x) reads
N
Us(x) = Z/dx/ Vix,x") |<;$j(x/)|2 , (6.72)
j=1

J#i
while the exchange mean-field potential U ,{ i (x) is instead
Ul'x) = / dx' ¢5(x) V(x,x') di(x). (6.73)

If one neglects the exchange term, as done by Hartree in his original derivation, the
so-called Hartree equations

[0+ Ua@) | 6n0) = & 6100, (6.74)

are immediately derived. It is clearly much simpler to solve the Hartree equations
instead of the Hartree-Fock ones. For this reason, in many applications the latter are
often used. In the case of spin 1/2 fermions, given the local fermionic density

N
pr)y = D" > g, )= D p(r,0), (6.75)
o=t} i=1 o=t}

under the assumption of a large number N of particles the Hartree (direct) variational
energy reads

N
Ep ZZ
i=1

1
) ZT l/‘13‘“ &' p(r, o)V (= r')p(x', o) (6.76)
o,0'=1,

2
/ &r ¢} (r, ) [—h—vz + u<r)} 6i(r, o)
T 2m

and the corresponding Hartree equation becomes
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—2h—V2+U(r)+ > /d3r’V(r r) p(t', ') | $i(r, 0) = € ¢i(r, o).

o=t
6.77)

The Hartree-Fock variational energy is slightly more complex because it includes
also the exchange energy, given by

Ex = —— Z > /d3rd3r/¢s (r,0)pi(t', o)V (x — )¢5 (', )9 (x, 0).
i lo=
l/#] il
(6.78)

Notice that in the exchange energy all the terms with opposite spins are zero due to the
scalar product of spinors: X%y, = d, ,. The existence of this exchange energy E is
adirect consequence of the anti-symmetry of the many-body wave function, namely a
consequence of the fermionic nature of the particles we are considering. Historically,
this term Ex was obtained by Vladimir Fock to correct the first derivation of Douglas
Hartree who used a not anti-symmetrized many-body wavefunction.
To conclude this subsection, we observe that in the case of a contact inter-particle
potential, i.e.
Vir—r)=gd@—r), (6.79)

the Hartee-Fock (direct plus exchange) variational energy reads

N hz
=>3 / d3r¢,’f(r,a)[—%VMU(r)}@(r,a) (6.80)
i=1 o=1,]

N
%Z Z [ [16:0.00%16,0. 008 = 1610 )16, 5, 0P 3,0 ]
o=m1
;e

It follows immediately that identical spin-polarized fermions with contact interaction
are effectively non-interacting because in this case the interaction terms of direct and
exchange energy exactly compensate to zero.

6.3.4 Mean-Field Approximation

A common strategy to solve the interacting many-body problem is the so-called
mean-field approximation, which corresponds on finding a suitable mean-field po-
tential which makes the system quasi-separable. The idea is the following. The in-

teraction Hamiltonian
N

A 1

H1 = 5 - E V(xi,xj) (6.81)
i,j=1
i#]
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can be formally written as
I:II = ﬁmf + (}AII - I:]mf) = ﬁmf + HreSa (682)

where PAImf is an appropriate separable mean-field Hamiltonian, i.e. such that

N
Hyp = Uns(xi). (6.83)
i=1

and I:Ires is the residual Hamiltonian. In this way the total Hamiltonian reads
ﬁ = I'}O + I:Imf + I:Ires = I:I/ + ﬁres , (6.84)

where the effective Hamiltonian A’ is given by

N N 2
N N N A I
A' = Hy+Huyp = Zl: [h(xi) + Umf(xi)] = le [—ﬁvl? +U)+ Um,,»(xi)] :
1= 1=
A (6.85)
Neglecting the residual Hamiltonian H,.y, the system is described by the effective
Hamiltonian H’ and the N-body problem is reduced to the solution of the 1-body
problem

[7(0) + Unyp ()] ¢n(x) = €0 Pu(x). (6.86)

Obviously, the main difficulty of this approach is to determine the mean-field potential
Uy r (x) which minimizes the effect of the residual interaction I-Alm. The mean-field
potential U, s (x) can be chosen on the basis of the properties of the specific physical
system or on the basis of known experimental data.

As shown in the previous subsections, Uy, r(x) can be also obtained by using the
Hartree-Fock method. In the case of the Hartree-Fock method for bosons, introducing
the effective Hamiltonian

N
A =3 [ + Uy i) | (6.87)
i=1

with U, r(x;) given by Eq. (6.56), it is immediate to verify that the bosonic many-
body wavefunction ¥ (x1, x2, ..., xy) of Eq. (6.51), with the singls:—particle wave-
function ¢(x) satisfying Eq. (6.55), is the lowest eigenfunction of H', and such that

H'W(x1, X2, ..., xn) = Ne W(x1, X2, ..., XN). (6.88)
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On the other hand, ¥ (x1, x3, . .., xy) is not an eigenfunction of the total Hamiltonian
H, but it is an approximate variational wavefunction of the ground-state of the full
Hamiltonian H.

In a similar way, in the case of the Hartree-Fock method for fermions, introducing
again the effective Hamiltonian

N
A =3 [ + O )| (6.89)
i=1

with 0mf (x;) given by Eq. (6.71), it is not difficult to verify that the fermionic
many-body wavefunction W(xy, x2, ..., xn) of Eq. (6.63), with the single-particle
wavefunction ¢(x) satisfying Eq. (6.70), is the lowest eigenfunction of H’, and such
that

N
H'W(x1,x3, ..., x8) = D & W(x1,x2, ... xN). (6.90)
i=1
Qn the other hand, ¥ (x1, x3, ..., xy) is not an eigenfunction of the total Hamiltonian

H, but it is an approximate variational wavefunction of the ground-state of the full
Hamiltonian H.

6.4 Density Functional Theory

In 1927 Llewellyn Thomas and Enrico Fermi independently proposed a statistical ap-
proach to the electronic structure of atoms with a large number N of electrons, which
avoids tackling the solution of the many-body Schodinger equation by focusing on
the electron local total number density p(r). The starting point is the (kinetic) energy
density of a uniform ideal gas of electrons at zero temperature in the thermodynamic
limit, given by
2
Euteat = 2By (6.91)
52m
where p is the uniform number density of electrons. Thomas and Fermi considered
N electrons in a atom with nuclear charge Ze, such that

2
Ve—-r)y= —2°% (6.92)
4meglr — 1’|
the electron-electron Coulomb potential, while
Ze?

Ur) =—

6.93
4meg|r| (6:33)



132 6 Many-Body Systems

is the nucleus-electron Coulomb potential with the nucleus centered at the orgin of
the reference frame. Thomas and Fermi supposed that the ground-state energy of the
electrons can be captured by the functional

Errlpl = Trrlol + Eplol + / &r U) p(r) . (6.94)

where
3.3 n 202/3 . 85/3
Trrlpl= | d’r 5%(37 )2 p(r)”- (6.95)

is the Thomas-Fermi kinetic energy, i.e. the local approximation to the kinetic energy
of the ideal Fermi gas,

Eplp] = % / d’r &r pr) V(e —r) p') , (6.96)

is the (Hartree-like) direct energy of electron-electron interaction, and the third term
in Eq. (6.94) is the energy of the nucleus-electron interaction.

It is important to stress that within this formalism the electron-nucleus potential
U (r) could be more general, taking into account the effect of many nucleons. The
functional is minimized under the constraints p(r) > 0 and

N = / d’r p(r) (6.97)
to find the equilibrium condition
52
-G U@) + Upp (1) = o, (6.98)
where
Upy(r) = / v Ve —r) pi) (6.99)

is the Hartree-like mean-field potential acting on the electrons and p is the Lagrange
multiplier fixed by the normalization. The previous equation can be written as

(2m)3/2 3/2
p(r) = T (u —U(r) — / ' Ve —r) p(r’)) (6.100)

Equation (6.100) is an implicit integral equation for the local electronic density p(r)
which can be solved numerically by using an iterative procedure.

Although this was an important first step, the Thomas-Fermi method is limited be-
cause the resulting kinetic energy is only approximate, and also because the method
does not include the exchange energy of the electrons due to the Pauli principle. A bet-
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ter theoretical description is obtained with the Thomas-Fermi-Dirac-von Weizsicker
model, whose energy functional is given by

Errpwlpl = ETrlpl + Exlpl + Ewlpl , (6.101)

where ET r[p] is the Thomas-Fermi energy functional of Eq. (6.94),

Ex[p]=—/d3r§4 & 3 )13 ey 6.102)

is the functional correction introduced by Paul Dirac in 1930 to take into account the
exchange energy which appears in the Hartree-Fock method, and

2
Ewlp] = / & Af—m<wp(r)>2 (6.103)

is the functional correction introduced by Carl Friedrich von Weizsidcker in 1953 to
improve the accuracy of the kinetic energy with A\ an adjustable parameter. Notice
that a simple dimensional analysis shows that the Thomas-Fermi kinetic energy
density must scale as :i2p>/3 /(2m), while the exchange energy density must scale as
e p*3 ) (4mep).

In 1964 the density functional approach was put on a firm theoretical footing by
Pierre Hohenberg and Walter Kohn. We follow their original reasoning which does
not take into account explicitly the spin degrees. First of all they observed that, given
a many-body wavefunction W (r, ra, . .., ry), the associated one-body density p(r)
reads

p(r) = \Il|25(r—r,)|\l’ N/d3r2 ey |V(r, 1o, ..., rN) % (6.104)
i=1

Then they formulated two rigorous theorems for a system of identical particles
(bosons or fermions) described by the Hamiltonian

H=T+U~+V (6.105)
where
N hz
. 2
T=> —5-Vi (6.106)

i=1

is the many-body kinetic energy operator,

N
Z U(r;) (6.107)
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is the many-body external potential operator, and

l\)l'—‘

N
Z V(r;, 1)) (6.108)
]#=

is the many-body interaction potential operator. We now state the two theorems of
Hohenberg and Kohn, which are based on the variational principle discussed in the
previous section, but first of all we observe that for any W (rq, r2, ..., ry) one has

A

(W) = (T + V10 + (W0 19) = (W|T + 7| +/U(r) p(v) dr.

(6.109)
This formula shows explicitly that the external energy (V|U|W¥) is a functional of
the local density p(r). The Hohemberg-Kohn theorems ensure that also the internal
energy (\II|F|‘~II) (‘1’|T + V|‘~Il) is a functional of p(r).

Theorem 2 Fora system of N identical interacting particles in an external potential
U (r) the density pys(r) of the non degenerate ground-state Wys(ry, r2, ..., ry) is
uniquely determined by the external potential. In other words, there is a one-to-one
correspondence between U (r) and pg(r).

Proof The proof of this theorem proceeds by reductio ad absurdum. Let there be
two different external potentials, Uj (r) and U, (r), that give rise to the same ground-
state densny Pgs (r). Due to the variational principle, the associated Hamiltonians,

Hl = F+ U1 and H2 = F+ Uz have different ground-state wavefunctions,
Wy 1(ry, 12, ..., ry) and Wy o(ry, 1, ..., ry), that each yield pg,(r). Using the
variational principle

Egsi < (Wos 2l Hi[Wys0) = (Wgs 2| Ho|Ws2) + (Wys 2| Hy — Ha| W5 0)

— Ega+ / pos OLUL () — Us (01 d°r, (6.110)

where Eg 1 and E g4 > are the ground-state energies of 1:11 and 1:12 respectively. An
equivalent expression for Eq. (6.110) holds when the subscripts are interchanged,
namely

Egsn < (Ws 1| HaWys 1) = (Wos 1| H1Wys.1) + (Wgs. 1| Hy — Hi|Wgs.1)

= Eg1 + / pgs @[U2(r) — U1 ()]d%r.  (6.111)
Therefore adding the inequality (6.110) to the inequality (6.110) leads to the result:

Egs,l + Egs,2 < Egs,2 + Egs,l , (6.112)
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which is a contradiction.

From this theorems one deduces immediately two corollaries.

Corollary 1 The many-body ground-state wavefunction Wys(ry,x2,...,ry) is a
bijective function of pys (r).

Proof As just shown in Theorem 1, py, (r) determines U (r), and U (r) determines H
and therefore Wy (ry, 12, ..., ry). This means that Wy (ry, r2, ..., ry) is a bijective
function of pgy, (r). Symbolically we can write

Wys = Glpgs]- (6.113)

Corollary 2 The internal energy (\I-’gslﬁ |Wys) of the ground state is a universal
Sfunctional F[p] of pys(r).

Proof Egq is a functional of W, (ry, 1, ..., ry). Symbolically we have

Egs = O[] . (6.114)
But we have just seen that Wy (ry, r2, ..., ry) is a bijective function of py,(r), in
particular

Wys = Glpgs] - (6.115)

Consequently E 4 is a functional of pg, (r), namely

Egs = q)[G[pgs]] = E[pgs] . (6.116)

Due to the simple structure of the external energy, the functional E[p] is clearly given
by

Elp] = Flpl +/d31’ U(r) p(r) , (6.117)
where F[p] is a universal functional which describes the internal (kinetic and inter-
action) energy.

Theorem 3 Fora system of N identical interacting particles in an external potential

U (r) the density functional

Elpl = Flpl + / &r U®) p(r)
is such that E[p] > E[pys] = Eys for any trial density p(r), and the equality holds
only for p(r) = pys(r).

Proof We have seen that E g is a functional of Wy (ry, 12, ..., ry) but also a func-
tional of py(r), i.e.
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Egs = @[Wy] = P[Glpys]l = Elpys] - (6.118)
IfW(ry,ro,...,ry) # Wy (ry, 1o, ..., ry) from the variational principle we have
O[WV] = Elp] > Ey , (6.119)

where p(r) is a local density different from py(r), due to Theorem 2. It follows
immediately
Elp]l > Elpgs] » (6.120)

if p(r) # pys(r).

The functional F[p] is universal in the sense that it does not depend on the external
potential U (r) but only on the inter-particle potential V (r —r’), which is the familiar
Coulomb potential in the case of electrons. Indeed, the description of electrons in
atoms, molecules and solids is based on the choice of U (r) while F[p] is the same.

In the last forty years several approaches have been developed to find approximate
but reliable expressions for F[p] in the case of electrons. For instance, within the
Thomas-Fermi-Dirac-von Weizsicker model we have seen that

Flp] =Trrlpl + Eplp]l + Ex[pl + Ewlp] . (6.121)

Instead, for a Bose-Einstein condensate made of dilute and ultracold atoms, the
bosonic Hatree-Fock method suggests

Flp) = Ewlpl + 5 / & p(r)? (6.122)

because V(r — r') ~ gd(r — r'), where ¢ = 4nh?a;/m, with m the atomic mass
and a; the inter-atomic s-wave scattering length. Note that on the basis of empirical
observations in the Ew[p] term one usually takes A = 1/6 for electrons and A = 1
for bosons.

Nowadays the most used density functional for electrons is the one proposed
by Walter Kohn and Lu Jeu Sham in 1965. In the Kohn-Sham density functional
approach the universal functional F[p] is given by

Flpl = Tkslpl + Eplpl + Exclp] (6.123)
where
N hz
Tkslpl = z¢;k(r) (—%Vz) gb;"(r) (6.124)
i=1

is the Kohn-Sham kinetic energy, where the orbitals ¢; (r) determine the local density,
namely
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N
pr) =D 16, (6.125)
i=1

the direct (or Hartree-like) energy of interaction E p[p] has the familiar form of Eq.
(6.96), and Exc[p] is the so-called exchange-correlation energy, which simply takes
into account the missing energy with respect to the exact result. The minimization
of the Kohn-Sham density functional gives

dExclp]

hz 2 3. / /
I:—%V +U(l’)+/dl’ V(l‘—l‘)p(l’)+W

:| ¢i(r) = € ¢i(r)
(6.126)

which are the local Kohn-Sham equations for the orbitals ¢; (r), with ¢; the Lagrange

multipliers fixed by the normalization to one of the orbitals. Notice that the third

term on the left side of the previous equation is obtained by using

dExclpl _ 6Exclp]l dp(r) _ dExclpl
_ _ () . 6.127
sot  opm dorm  apmy @127

In many applications the (usually unknown) exchange-correlation energy is written
as

Exclpl = Exlpl + Eclpl , (6.128)

where the correlation energy Ec[p] is fitted from Monte Carlo calculations. Contrary
to the Hartree-Fock theory, in the Kohn-Sham approach the single-particle orbitals
¢; (r) are not related to a many-body wavefunction but to the local density p(r): this
implies that the orbitals ¢; (r) and energies ¢; of the Kohn-Sham density functional
have no deep physical meaning. Nevertheless, from the numerical point of view, the
solution of the Kohn-Sham equations is much simpler than that of the Hartree-Fock
ones, since, contrary to the effective Hartree-Fock mean-field potential, the effective
Kohn-Sham mean-field potential is local.

It is important to stress that the density functional theory is an extremely useful
approach for the description of atoms, molecules, and metals. Nowadays the success
of density functional theory not only encompasses standard bulk materials but also
complex materials such as proteins, carbon nanotubes, and nuclear matter.

6.5 Molecules and the Born-Oppenheimer Approximation

Up to now we have considered only single atoms with many-electrons. In this section
we discuss systems composed by many atoms, and in particular molecules.

It is well known that a generic molecule is made of N,, atomic nuclei with electric
charges Z,e and masses M, (a« = 1,2, ..., N,) and N, electrons with charges —e
and masses m. Neglecting the finite structure of atomic nuclei, the Hamiltonian of
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the molecule can be written as

H=H,+H + "V, (6.129)
where
N, N,
. LR, S ZaZper

H=> — V24— 6.130
" Z 2M, at 3 z 4mey IR, — Ryl ( )

a=1 a,f=1

a#p

is the Hamiltonian of the atomic nuclei, with R,, the position of the a-th nucleus,

®
8]
f—
&
)
—

(6.131)
[
is the Hamiltonian of the electrons, with r; the position of the i-th electron, and

Np,Ne 2
1 Zqe 1
Vie = —= E " 6.132
"2 4 dmeg IR, — 1l (132

i

is the potential energy of the Coulomb interaction between atomic nuclei and elec-
trons.

It is clear that the computation of the ground-state energy and the many-body
wavefunction of an average-size molecule is a formidable task. For instance, the
benzene molecule (CgHg) consists of 12 atomic nuclei and 42 electrons, and this
means that its many-body wavefunction has (12 + 42) x 3 = 162 variables: the
spatial coordinates of the electrons and the nuclei. The exact many-body Schrodinger
equation for the ground-state is given by

AW(R,r)=EW(R,r), (6.133)
where W(R,7) = W(Ry,...,Ry,, 11, ..., ry,) is the ground-state wavefunction,
with R = (Ry,...,Ry,) and r = (ry, ..., ry,) multi-vectors for nuclear and elec-

tronic coordinates respectively.

In 1927 Max Born and Julius Robert Oppenheimer suggested a reliable approxi-
mation to treat this problem. Their approach is based on the separation of the fast elec-
tron dynamics from the slow motion of the nuclei. In the so-called Born-Oppenheimer
approximation the many-body wave function of the molecule is factorized as

W(R,r) =V, (r; R) ¥, (R) , (6.134)

where W, (R) is the nuclear wavefunction and W, (r; R) is the electronic wavefunc-
tion, which depends also on nuclear coordinates. Moreover, one assumes that the
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electronic wavefunction W, (r; R) is a solution of the following eigenvalue equation
(Ao + Vae) Welrs B) = EC(R)W(: R) . (6.135)

where the electronic eigenenergy E.(R) depends on the nuclear coordinates because
of the nucleon-electron potential V,,, = V,.(R, r). This equation describes an elec-
tronic eigenstate compatible with a given geometrical configuration R of the atomic
nuclei. Physically, it corresponds on assuming that nuclear and electronic motions
are somehow decoupled. In this way one gets

HWY,(r; R) W,(R) = (H +H, + v) W, (r; R) W, (R)
= Ay We(rs R) Wa(R) + (e + Vae) Wels R) W (R)

= H, W, (r; R) W, (R) + E.(R)W.(r; R) ¥, (R)
~ W,(r: R) (ﬂnnp,,(R) 4 Ee(R)) W, (R) (6.136)

where the last approximate equality ~~ is sound because the effect of the kinetic
term of the operator I:In on the electronic wavefunction W, (r; R) is small, being
the nuclear masses M, much larger than the electronic mass m. Finally, from the
previous equation and Eqgs. (6.133) and (6.133) one finds

(A + Ec(R)) Wa(R) = E W(R) , (6.137)

that is the equation of the adiabatic motion of atomic nuclei in the mean-field potential
E.(R) generated by the electrons.

Equations (6.135) and (6.137) are still quite complex, and they are usually solved
within some approximate quantum many-body method, e.g. the Hartree-Fock method
or the density functional theory.

To conclude, we observe that in this section we have considered molecules, but
the Born-Oppenheimer approximation is crucial in any context where there is more
than a single atom around, which includes atomic gases, clusters, crystals, and many
other physical systems.

6.6 Solved Problems

Problem 6.1
By using the Gaussian variational method calculate the approximate energy of the
ground-state of a one-dimensional quantum particle under the action of the quartic
potential

Ux)=Ax*.
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Solution
The stationary Schrodinger equation of the particle is given by

2 2
[ h—a—+Ax4]w<x)=ew(x>.

 2m Ox2

This equation can be seen as the Euler-Lagrange equation obtained by minimizing
the energy functional

R 92 2] 2
E:/dxq/J*(x) [—EW+Ax4] z/;(x)z/dx [ﬁ Qgix)‘ +Ax4|1/1(x)|2i| ,

with the normalization condition
[ axoeor =1.

According to the Gaussian variational method the wavefunction is supposed to be
given by
X7/ 20%)

X)= ———~—,
Y(x) Tl/451/2

where o is the variational parameter. Inserting this variational wavefunction in the
energy functional and integrating over x we get

23
E=—"" 1240%.
amo? T3t

Minimizing this energy with respect to the variational parameter o, i.e. setting ‘;—g =

0, we find
h2 1/6
oc=|— .
(6mA)

Substituting this value of ¢ in the energy E we finally obtain

2\ 2/3
po 2 (N 4
4 \ 6m ’
which is the approximate energy of the ground-state. This energy is surely larger or
equal to the energy associated to the exact ground-state of the system.

Problem 6.2
Derive the Gross-Pitaevskii equation for a system of N Bose-condensed particles
with contact interaction

Ve -r)=gdé@x—-1),
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and prove that the Lagrange multiplier € of the Gross-Pitaevskii equation is the
chemical potential p of the system.

Solution
The Hartree equation for N Bose-condensed particles is given by

hZ
[—%vz + U@ + (N — 1)/ )PV (r — r/)} Y(r) = eP(r) ,

where 1 (r) is the wavefunction normalized to one. Inserting the contact potential
we obtain

ﬁ2
[_ﬂvz +U() + (N - 1)|1/J(I‘)|2] P(r) = eY(r) .

Under the reasonable hypotesis that N > 1 we get

h2
[——V2 +U(r)+ Nglw(l‘)lz} P(r) = e Y(r) .

2m

that is the Gross-Pitaevskii equation. This equation describes accurately a dilute
Bose-Einstein condensate where the true inter-particle potential can be approximated
with the contact potential. In this case the parameter g can be written as

Arh2ag
g = k
m

where ay is the s-wave scattering length of the true inter-particle potential V (r —r).
The energy functional associated to the Gross-Pitaevskii equation is given by

h? 1
E = N/d3r [w*(r) [—%Vz + U(r)] U(r) + 5Ng|¢(r)|4] .
The chemical potential is defined as

OE

=N

On the basis of this definition we obtain

2m

ﬁZ
= /d3r [w*m [——v2 + U(r)} w(r) + Ngw(r)r‘] .

On the other hand, if we insert 1)*(r) on the left side of the Gross-Pitaevskii equation
and we integrate over r we get
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h2
/d3r [w*m [—ﬁvz + U(r)} W(r) + Ng|1/)(r)|4] —e,

because

/ PrivmP =1.

By comparing the formulas of € and p we conclude that e = p. This result is also
known as Koopmans theorem. Indeed, more rigorously the chemical potential defined
as

pw=EN—EN_1,

but also in this case one easily finds that e = p using the correct expression of the
energy

3 * hz 2 1 4
ENzN/dr )| =5V U@ (90 + 5N = Dglbm |

where it appears (N — 1) instead of N in front of the interaction strength g.

Problem 6.3
Write the energy functional associated to the Gross-Pitaevskii equation as a functional
of the local density p(r) of the Bose-Einstein condensate.

Solution
We have seen that the energy functional associated to the Gross-Pitaevskii equation
of the Bose-Einstein condensate is given by

2
E= N/d3r [¢*<r> [—h—vz + U(r)} b(r) + lNg|w<r)|“] :
2m 2
but it can also be written as
3 hz 2 2 1 4
E=N/d I'IZ—IWZJ(I')I +U@)p@)|° + zNglp(r)] ] ,
m 2

if the wavefunction is zero at the surface of integration volume. We now introduce
the local density of the Bose-Einstein condensate as

p(r) = Ny ()?,

supposing that the wavefunction is real. In this way the energy functional can be
immediately written as

12 2 1
E= / d3r[%(v p(r)) —}—U(r)p(r)—i—zgp(r)z] :
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that is a fuctional of the local density p(r), as required.

Problem 6.4

By using the Gaussian variational method on the Gross-Pitaevskii functional calcu-
late the energy per particle of a Bose-Einstein condensate under harmonic confine-
ment, given by

1
U() = Emwz(x2 + y2 + z2) .

Solution
We start from the Gaussian variational wave function
e—(x2+y2+zz)/(2a%_102) i

¥(r)

= 3432 3n
w3 /ay o3/

where ay = +/h/(mw) is the characteristic length of the harmonic confinement
and o is the adimensional variational parameter. Inserting this wave function in the
Gross-Pitaevskii energy functional

2
E= N/d3r [w(r) [—h—vz +imet e + ¥+ z%] P(r) + 1Ng|w<r>|4 ,
2m 2 2

after integration we obtain the energy E as a function of o, namely

31 3 v 1
E=Nhw|>=+>c2+2—) .
(4024-40 +203)

where v = /2/mNag/ay is the adimensional strength of the inter-particle interac-
tion with g = 4nh?ay/m and a; the s-wave scattering length. The best choice for o
is obtained by extremizing the energy function:

dE
Z 0,
do
from which we obtain

0(04 —-D=~.

Itis clear that o grows with 7, if v > 0. Instead, if v < O there are two possible values
of o: one value corresponds to a minimum of the energy E (meta-stable solution)
and the other corresponds to a maximum of the energy E (unstable solution). It is
straightforward to show that these two solutions exists only if v > —4/5%/4,
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Further Reading

For the many-electron atom and the Hartree-Fock method:

B.H. Bransden, C.J. Joachain, Physics of Atoms and Molecules, Chap. 8, Sects. 8.1,
8.2 and 8.4 (Prentice Hall, Upper Saddle River, 2003)

For the density functional theory:

B.H. Bransden, C.J. Joachain, Physics of Atoms and Molecules, Chap. 8, Sects. 8.3
and 8.6 (Prentice Hall, Upper Saddle River, 2003)

E. Lipparini, Modern Many-Particle Physics: Atomic Gases, Quantum Dots and
Quantum Fluids, Chap. 4, Sects. 4.1, 4.2, and 4.3 (World Scientific, Singapore, 2003)



Chapter 7
Second Quantization of Matter

In this chapter we discuss the second quantization of the non-relativistic matter field,
that is the Schrodinger field. We show that the Schrodinger field can be expressed
as a infinite sum of harmonic oscillators. These oscillators, which describe the
possible eigenfrequencies of the matter field, are quantized by introducing creation
and annihilation operators acting on the Fock space of number representation. We
show how, depending on the commutation rule, these ladder operators can model
accurately bosonic and fermionic particles which interact among themselves or with
the quantum electromagnetic field. The second quantization (also called quantum
field theory) is the powerful tool to describe phenomena, both at zero and finite tem-
perature, where the number of particles is not conserved or it is conserved only on
the average.

7.1 Schrodinger Field

In Chap.2 we have seen that the light field is composed of an infinite number of
quanta, the photons, as explained in 1927 by Paul Dirac. In the same year Eugene
Wigner and Pascual Jordan proposed something similar for the matter. They sug-
gested that in non-relativistic quantum mechanics the matter field is nothing else
than the single-particle Schrodinger field ¢ (r, f) of quantum mechanics, which sat-
isfies the time-dependent Schrodinger equation

‘ha f) = A ViiuU t 7.1
i Eib(r, ) = [—% + (r)} P(r, 1), (7.1

where U(r) is the external potential acting on the quantum particle. Setting

P(r, 1) = po(r)e i/l (7.2)
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one finds
hZ
[——vz + U(r)} Pa(r) = €00 (r) (7.3)
2m

that is the stationary Schrodinger equation for the eigenfunction ¢ (r) with
eigenvalue ¢, where « is the label which represents a set of quantum numbers.
In this case the Schrodinger field 1 (r, 7) is a stationary state of the system, in fact

[, DI = ¢a @) (7.4)
does not depend on time ¢.
In general, the Schrodinger field v (r, f) is not a stationary state of the system

because the space dependence and time dependence cannot expressed as in Eq. (7.2),
but, as suggested by Wigner and Jordan, one can surely expand the field as

Y, 1) =D calt) Pa(r) (7.5)

where

[ 6050 = 8, (7.6)
In this way, from the time-dependent Schrddinger equation we get
ih co(t) = €q ca(t), (7.7)
whose general solution is obviously
ca(t) = co(0) e iat/h, (7.8)

In this case the Schrodinger field #(r, #) is not a stationary state of the system, in
fact

[, 01> =D ch(0)ep(0) e DU gx (1) g5 (r) (7.9)

a,fB

depends on time ¢, while obviously its integral
/ Irip, 0> =D a0 (7.10)
«

does not.
The constant of motion associated to the Schrodinger field ¥ (r, t) is the average
total energy of the system, given by
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h2
H= /d3r V(. 1) [—z—vz + U(r)} o(r, 1). (7.11)
m
Inserting the expansion (7.5) into the total energy we find

H= Z % (cha + CQCZ) . (7.12)
«

This energy is obviously independent on time: the time dependence of the complex
amplitudes ¢} (f) and ¢, (¢) cancels due to Eq. (7.8).
Instead of using the complex amplitudes c} (¢) and ¢, (f) one can introduce the

real variables
2h 1 N
qa(t) = ) (ca®) + ¢ (1) (7.13)

1
Pa(t) = \/ZHWUE (calt) = c0) (7.14)

such that the energy of the matter field reads

Pa (e
H = E - , 7.15
[0} ( 2 + Zwa qa) ( )
where c
Wa = —ff; (7.16)

is the eigenfrequency associated to the eigenenergy .

This energy resembles that of infinitely many harmonic oscillators with unitary
mass and frequency w,. It is written in terms of an infinite set of real harmonic
oscillators: one oscillator for each mode characterized by quantum numbers « and
frequency w,. It is clear the analogy between the energy of the Schrodinger field and
the energy of the classical electromagnetic field.

7.2 Second Quantization of the Schriodinger Field

The canonical quantization of the classical Hamiltonian (7.15) is obtained by
promoting the real coordinates g,, and the real momenta p,, to operators:

9o = qa (7.17)
Pa — ﬁa, (7.18)

satisfying the commutation relations
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[Gas Ppl = iR dag, (7.19)

The quantum Hamiltonian is thus given by
N 2SN
A=Y (70‘ + 5w qa) . (7.20)
«

The formal difference between Eqgs. (7.15) and (7.20) is simply the presence of
the “hat symbol” in the canonical variables.
We now introduce annihilation and creation operators

o= 2 (Go+—pa). (7.21)
2h Wa

n w R i .
&= ﬁ (qa— w—apa), (7.22)

which satisfy the commutation relations
[¢as E51=ba,, [Ca, gl = [E1, 851 =0, (7.23)

and the quantum Hamiltonian (7.20) becomes

. 1
H= Zea (c;ca + E) ) (7.24)

«

Obviously this quantum Hamiltonian can be directly obtained from the classical one,
given by Eq. (7.12), by promoting the complex amplitudes c,, and ¢}, to operators:

Ca = Ca, (7.25)
ct— et (7.26)
satisfying the commutation relations (7.23).
The operators ¢, and & act in the Fock space of the “particles” of the Schrodinger
field. A generic state of this Fock space is given by

| ooofg ..ong oo ny L), (7.27)

meaning that there are n,, particles in the single-particle state |«v), ng particles in the
single-particle state | 3), n, particles in the single-particle state |y), etc. The operators
¢, and ¢} are called annihilation and creation operators because they respectively
destroy and create one particle in the single-particle state |«), namely
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Col coong .Yy =g | ...ng—1...), (7.28)
e ing Y=o+ ong+ 1), (7.29)

Note that these properties follow directly from the commutation relations (7.23). The
vacuum state, where there are no particles, can be written as

0)=]...0...0...0...), (7.30)
and
al0) =0, (7.31)
¢h10) = 11a) = la), (7.32)
where |«) is such that
(rla) = ¢a(r). (7.33)

From Egs. (7.28) and (7.29) it follows immediately that
Ny = é&te, (7.34)
is the number operator which counts the number of particles in the single-particle
state |a), i.e. .

Nol ooohg ...y =ng | ...nq ...). (7.35)

Notice that the quantum Hamiltonian of the matter field can be written as

H=7 el (7.36)
«

after removing the puzzling zero-point energy. This is the second-quantization
Hamiltonian of non-interacting matter.
Introducing the time-evolution unitary operator

Uty = e~ if1/h, (1.37)
one finds that obviously
U (1) 20, (0)U (1) = ¢,(0) e~ at/P, (7.38)

In fact, one can write

. i RN 7 _ i iHt/h A —iH1/h
i (U (1) 24, (0) U(t)) = ih= (e ROY )
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—in (%H Cul) — %éa(t) H)

= o) H — HEW (1)

= [¢a(n), H]

= [2a(1), D€} (0)25(0)]
Jé)

= > epléaln). e5 (1) 5]

8
=D eplean), & 0150
8

= Z €3 5a,ﬁ 10
3
= €, 0o (D). (7.39)
Thus, one obtains
'hd U (6) 2,00 U@)) = €4 641 (7.40)
1 dl( () ca ( )—eaca , .
with solution
U (1) 60,(0) U(t) = 6,(0) et/ (7.41)

This is clearly the operatorial version of the classical solution (7.8), where
ea(t) = U (0 2.(0) U) (7.42)

is the familiar expression of the time-evolution of the operator.

7.2.1 Bosonic and Fermionic Matter Field

The annihilation and creation operators ¢, and ¢& which satisfy the commu-
tation rules (7.23) are called bosonic operators and the corresponding quantum
field operator

h(r, 1) =" Eat) gu(r) (7.43)

is the bosonic field operator. Indeed the commutation rules (7.23) imply Eqs. (7.28)
and (7.29) and, as expected for bosons, there is no restriction on the number of
particles n,, which can occupy in the single-particle state |cv).
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To obtain fermionic properties it is sufficient to impose anti-commutation rules
for the operators ¢, and ¢, i.e.

{eas &5} = dap, (Ca, 5} = {1, 85} =0, (7.44)

where {A,f?} = AB + BA are the anti-commutation brackets. An important
consequence of anti-commutation is that

chHr=o. (7.45)

Notice that Eqgs. (7.28) and (7.29) formally work also for fermions but with the

constraints that n, = 0 or n, = 1 for any single-particle state |«). In fact, for

fermions

o Adba N2 ada oada

Ng = ( Ica) = cicacjca (7.46)

=¢t(1—¢eten)ea=2cteq (7.47)

=N, (7.48)

which implies that the eigenvalues of Na can be only 0 and 1. For a fermionic two-
particle state we have

1o 15) = &5¢510) = —¢5¢510) = =15 1a), (7.49)
i.e. the state is anti-symmetric under interchange of particle labels, and moreover
24) = (@)*10) = 0, (7.50)
expressing the Pauli principle that two particles cannot be created in the same single-
particle state. For fermions the field operator (7.43) is called fermionic field operator.
A remarkable property of the field operator ¢/ (r, £), which works for bosons and
fermions, is the following:

o, 1]0) = |r, 7) (7.51)

that is the operator 1ZA1+ (r, 1) creates a particle in the state |r, #) from the vacuum state
|0). In fact,

G, 010) = D) ¢ )0) = ZA* et/ Mo |r) |0)

= > “May(alr) = Ir. 1), (7.52)
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because

1) = &) =3 [a) (el 18) (B0 = D dMay(alr)  (7.53)
« 16 @

with &8 = ¢1(0), (a|B) = dap, and >, la)(a| = 1.
It is straightforward to show that the bosonic field operator satisfies the following
equal-time commutation rules

[, 1), 0T, 0] = 5@ — 1), (7.54)

while for the fermionic field operator one gets

(W@, 0, b, 0} =@ —r). (7.55)

Let us prove Eq. (7.54). By using the expansion of the field operators one finds

[, 0, 0 (@, 0] = D da(r) $5() [ca, ]

a,f3
= 0a() $50") bap = D da(®) ()
a,f3 e
= > (rla) (alr) = (x| D_la) (a1
= (r|r') = o(r — ). (7.56)

The proof for fermions is practically the same, with anti-commutators instead of
commutators.

Finally, we observe that the many-body quantum Hamiltonian (7.36) can be writ-
ten, both for bosons and fermions, in the elegant form

2
H= /d3r O, 1) [—;—mvz + U(r):| O(r, 1). (7.57)

This quantum Hamiltonian can be directly obtained from the classical one, given by
Eq. (7.11), by promoting the complex classical field ¥ (r, #) and ¢ (r, f) to quantum
field operators:

P(r, 1) — P(r, 1), (7.58)
(e, 1) — e, ), (7.59)

satisfying the commutation relations (7.54) of bosons or the anti-commutation rela-
tions (7.55) of fermions.
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7.3 Connection Between First and Second Quantization

In this section we shall analyze relationships between the formalism of second
quantization, where the number of particles is a priori not fixed, and the formal-
ism of first quantization, where the number of particles is instead fixed.

First we observe that, within the formalism of second quantization of field oper-
ators, the time-independent one-body density operator is defined as

p) =t @) (), (7.60)

and it is such that

N = /d3r;3(r) (7.61)

is the total number operator. By using the expansion

h(r) =D Ca dalr) (7.62)
[0}
one finds immediately
pr) =D &tes ¢hr) du(r) (7.63)
a,3
and also . .
N=>¢etea=> Na (7.64)
« [0}

because we consider an orthonormal basis of single-particle wavefunctions ¢ (r).
A remarkable connection between second quantization and first quantization is
made explicit by the formula

N
pr)|riry...ry) = Zd(r —1;)|riry...ry), (7.65)
i=1

where p(r) = Zf/: 1 0(r — 1;) is the one-body density function introduced in the
previous chapter. This formula can be proved, for bosons, as follows:

P iy ry) = T @) @) [ryr2 . 1y)
=0T @ P D P ) . Ty [0)
=07 (6@ =)+ @) dm ) D) . D) [0)
=46(r—rp)|riry...ry)

+ 9@ Pt @ Pt ) .. P w) 10)

=0(r—ry)|riry...ry)
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+ 0@t (60— + T dm ) D) L ) [0)
=0 —rp|riry...ry) +6(r —r) |riry...ry)

+ 9T @O ) @) P (r3) ... DT (rw) 10)

N
= 25(1‘ — I‘,') |r1r2 .. .l‘N)

i=1

+ 0T @ DT ) 9T () ... DT (en) $() 10)

N
:Z(S(r—r;) Iriry ...ry), (7.66)

i=1

taking into account the commutation relations of the field operators zﬁ(r) and 1$+ (r).
For fermions the proof proceedes in a very similar way.

We can further investigate the connection between second quantization and first
quantization by analyzing the Hamiltonian operator. In first quantization, the non-
relativistic quantum Hamiltonian of N interacting identical particles in the external
potential U(r) is given by

N hZ 1 N R 1 N
HY =3 [——V? + U(r,-)} +3 2 V@)= hit o > Vi (1.67)
1

2m
i=1 ij=1 i= ij=1
i#f i#f

where V(r — r’) is the inter-particle potential. In second quantization, the quantum

field operator can be written as

h(r) =D Ea du(r) (7.68)

«

where the ¢, (r) = (r|a) are the eigenfunctions of h such that }Az|a) = €,]a), and
¢, and ¢ are the annihilation and creation operators of the single-particle state |«).
We now introduce the quantum many-body Hamiltonian

H=2"catlta+ D Vapseieiese,, (7.69)
@ afvyo

where
Vagsy = / d’r v ¢l (r) gH) V(e — 1) ¢5() ¢, (r).  (7.70)
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This Hamiltonian can be also written as
it = [eriw [ LR U(r)] b
+% / &Pr dr’ ) b ) Ve — ) D) P(r). (7.71)

We are now ready to show the meaningful connection between the
second-quantization Hamiltonian A and the first-quantization Hamiltonian H®),
which is given by the formula

Hirira...ry) = HV ey .. ey). (7.72)

This formula can be proved following the same path of Eq. (7.66). In fact, one
finds that

N
) () D) ey ry) = > hE)S(E — 1) ey ry) (7.73)

i=1

and also
D) YT ) Ve, v) D) () [rira . .. ry)

N
= > V@) — )i — ) riry...1y). (7.74)

ij=1

i#]
From these two expressions Eq. (7.72) follows immediately, after space
integration. Similarly to Eq. (7.65), Eq. (7.72) displays a deep connection between

second and first quantization.

Up to now in this section we have considered time-independent quantum field
operators. The time-dependent equation of motion for the field operator 1[)(r, 1)
is easily obtained from the Hamiltonian (7.71) by using the familiar Heisenberg

equation
0 ~ A A
H], 7.75
izt = [9, (7.75)

which gives
2
ih—1) = [_f_mw + U(r)} D(r) + / A’ P Ve — ) ha)) D). (7.76)

This exact equation for the field operator 1/;(r, t) is second-quantized version
of the Hartree-like time-dependent nonlinear Schrodinger equation of a complex
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wavefunction (classical field) ¢ (r, f). Note that, in practice, one can formally use the
simpler formula

o~ OH
ih—) = 7.77
! 8tw 51;+ ( )

to determine the Heisenberg equation of motion, where

6H §H
o7 (22 . (7.78)
St NOY e

Obviously, the equation of motion for the time-dependent field operator 1/3* (r,1)is
obtained in the same way.

Similarly, the time-dependent equation of motion of the field operator ¢, (¢) is
obtained from the Hamiltonian (7.70) by using the Heisenberg equation

L d A7
lFbEC(y = [Ca, H], (7.79)
which gives
Ld. At
o = Ea + % Vagis €485 (7.80)
y

Again, one can formally can the simpler formula

d oH
h—¢, = —— 7.81

to determine the Heisenberg equation of motion of ¢, where

OH OH
o _ (_) . (7.82)
oag aa:; Ao =00, at =0t

«

7.4 Coherent States for Bosonic and Fermionic Matter Fields

Nowadays it is possible to produce dilute and ultracold bosonic gases made of
alkali-metal atoms in a confining magnetic or optical potential U (r). For instance, one
million of 8’Rb atoms at the temperature of 100 nK in the lowest single-particle state.
The system can be so dilute that the inter-atomic interaction can be neglected. Under
these conditions one has a pure Bose-Einstein condensate made of non-interacting
bosons described by the Hamiltonian
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2
H= /d3r ot (r) [—f—mv2 + U(r)} (r) = > enitia. (7.83)

«

If there are exactly N bosons in the lowest single-particle state of energy e, the
ground-state of the system is a Fock state given by

I OV, GPN
|FN>—W(CO) |0) = [N,0,0,...). (7.84)

It is then straightforward to show that
(Fx |4 (0)|Fy) =0, (7.85)

while the expectation value of 1/3+(r)1/3(r) is given by

(Fy1H (X)) Fy) = N ()], (7.86)

These results are the exact analog of what we have seen for the light field in Chap. 2.
In the spirit of quantum optics one can suppose that the number of massive bosons
in the matter field is not fixed, in other words that the system is not in a Fock state.
We then introduce the coherent state |«g), such that

Colaw) = apla), (7.87)

with
{ap|og) = 1. (7.88)

The coherent state |«y) is thus the eigenstate of the annihilation operator ¢y with
complex eigenvalue ag = |agle’®. |ag) does not have a fixed number of bosons,
i.e. it is not an eigenstate of the number operator N nor of Np, and it is not difficult
to show that |ag) can be expanded in terms of number (Fock) states |N, 0,0, ... )
as follows

lag) = e~ lool?/2 z |N 0,0,...). (7.89)

From Eq. (7.87) one immediately finds
N = (a0|N|ag) = |ao|?, (7.90)

and it is natural to set _
ap = VN ™, (7.91)
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where N is the average number of bosons in the coherent state, while 6 is the phase
of the coherent state. The expectation value of the matter field /(r) in the coherent
state |cg) reads

(aol()|ag) = VN & go(r), (7.92)
with wg = €p/h, while the expectation value of z/?*‘(r)z[;(r) is given by

(a0l T ()P () |ag) = N |¢o(r)|*. (7.93)

Up to now we have considered coherent states only for bosonic fields: the elec-
tromagnetic field and the bosonic matter field. Are there coherent states also for the
fermionic field? The answer is indeed positive.

For simplicity, let us consider a single mode of the fermionic field described by
the anti-commuting fermionic operators ¢ and ¢*, such that

tet+ete=1, Z=cH2=0. (7.94)

The fermionic coherent state |y) is defined as the eigenstate of the fermionic annihi-
lation operator ¢, namely
) =91, (7.95)

where -y is the corresponding eigenvalue. It is immedate to verify that, for mathe-
matical consistency, this eigenvalue v must satisfy the following relationships

Vitir=1, =7 =0, (7.96)

where 7 is such that
=301 (7.97)

Obviously v and 7 are not complex numbers. They are instead Grassmann numbers,
namely elements of the Grassmann linear algebra {1, v, 7, 7} characterized by the
independent basis elements 1, v, 7, with 1 the identity (neutral) element. The most
general function on this Grassmann algebra is given by

Sy =fu 2y v+ 2, (7.98)
where f11,f12, /21, /22 are complex numbers. In fact, the function f (7, ) does not have

higher powers of 7, 7 and ¥ because they are identically zero. The differentiation
with respect to the Grassmann variable v is defined as

1o}
8—f@ 7 =fiz =27, (7.99)
Y
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where the minus sign occurs because one need to permute v and ~ before differen-
tiation. This is called left differentiation. Clearly, one has also

0
7/ ) =fu 2y (7.100)
Y
and 5 5
Mé’vf(% 7= _avaﬁf(% V) =~/ (7.101)

The integration over Grassmann numbers is a bit more tricky. It is defined as equiv-
alent to differention, i.e.

0 _ 0 _ 0? _ 0?

These integrals are not integrals in the Lebesgue sense. They are called integrals
simply because they have some properties of Lebesgue integrals: the linearity and
the fundamental property of ordinary integrals over functions vanishing at infinity
that the integral of an exact differential form is zero. Notice that the mathematical
theory of this kind of integral (now called Berezin integral) with anticommuting
Grassmann variables was invented and developed by Felix Berezin in 1966. The
Berezin integral is mainly used for the path integral formulation of quantum field
theory. A discussion of the path integral formulation of quantum field theory, also
called functional integration, is outside the scope of this book.

To conclude this section we stress that, in full generality, the classical analog of
the bosonic field operator

h(r) =D ¢(r) 4 (7.103)
j
is the complex field
B =D dalr) q (7.104)
j
such that .
Y(r)|CSp) = P(r)|CSa), (7.105)
where
CSg) = Q) lay) (7.106)
j

is the bosonic coherent state of the system, |c;) is the coherent state of the bosonic
operator a;, and «; is its complex eigenvalue. Instead, the pseudo-classical analog of
the fermionic field operator
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h(r) =D ¢i(1) ¢ (7.107)
J
is the Grassmann field
P(r) =D dalr) (7.108)
J
such that .
P(r)|CSF) = P (r)|CSF), (7.109)
where
1CSr) = R) 1) (7.110)
J

is the fermionic coherent state of the system, |;) is the coherent state of the fermionic
operator ¢;, and +; is its Grassmann eigenvalue.

7.5 Quantum Matter Field at Finite Temperature

Let us consider the non-interacting matter field in thermal equilibrium with a bath at
the temperature 7. The relevant quantity to calculate all thermodynamical properties
of the system is the grand-canonical partition function Z, given by

Z = Tr[e P10 (7.111)

where 0 = 1/(kgT) with kg the Boltzmann constant,

H="Y" €N, (7.112)
«
is the quantum Hamiltonian,
N = Z N, (7.113)
(03

is total number operator, and p is the chemical potential, fixed by the conservation
of the average particle number. This implies that

Z=D(ong . e PHTL )

=D (eing o e P RaleamiNey g )
{na}
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= et 2 3 T e [ e Plamtoms

Ny ng « @ N
- 1
= H Z e Blea—mn _ H =T for bosons (7.114)
a p=0 «
1
= H Z e Pleamin — H (1 + e_ﬁ(fu_“’)) for fermions (7.115)
a pn=0 e}

Quantum statistical mechanics dictates that the thermal average of any operator Ais
obtained as

~ 1 ~ po
(A)r = ZTrlA e PH=1N)| (7.116)
Let us suppose that A = H, itis then quite easy to show that

v = LB — iy e BBy _ _ 9 ~pE—uN ) _ _ 9
(H'yp = ZTAH ~ pN) e 1=—g5m (Tr[e ]) =55 n(@.
(7.117)
By using Eq. (7.114) or Eq. (7.115) we immediately obtain

In(2)=>In (1 - e—ff’(ea—m) , (7.118)
«

where — is for bosons and + for fermions, and finally from Eq. (7.117) we get

(Hyr = ea (N, (7.119)

with

. 1
(NYg = Z T (7.120)

«

Notice that the zero-temperature limit, i.e. 5 — oo, for fermions gives
(H)o =" €a (Na)o (7.121)
6]

with A
(Vo= 0 (u—¢). (7.122)

where the chemical potential  at zero temperature is nothing else than the Fermi
energy €r, i.e. ep = u(T = 0).
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7.6 Matter-Radiation Interaction

In Chap. 3 we have discussed the quantum electrodynamics by using first quantization
for the matter and second quantization of the electromagnetic radiation. Here we write
down the fully second-quantized Hamiltonian. It is given by

A

H = Hyay + Hyaa + Hy (7.123)

where
A N h? .
Hyparr = /d3r o (r, 1) [—EVZ + U(r)} o(r, 1), (7.124)

. OA(r, 1 .
Ayug = /d3r (%‘)(%)2 n %(V AA(r, t))z), (7.125)

2
H = /d3r ot(r, 1) [—%A(r, 1) - (—ihV) + ;—mA(r, t)z] O(r, 1). (7.126)

with z/?(r, t) the scalar field operator of electrons in the external potential U (r), which
includes the instantaneous electrostatic Coulomb potential, and A(r, 1) the vector
field operator of the electromagnetic radiation. Notice that the coupling Hamiltonian
Hj describes the very specific situation of the charged matter (usually the electron
gas) coupled to radiation, which is an important but by no means unique case of matter
interacting with electromagnetic radiation using second quantization methods. One
often uses similar techniques to describe e.g. neutral atomic gases as we shall show
in the last section.

Within the dipole approximation, where one neglects the quadratic term of the
vector potential and moreover one assumes that the spatial behavior of the vector
potential field changes more slowly than the matter field, the interaction Hamiltonian
becomes

iy~ = /d3r S, 1) [—EA(O, 7 (—ihV)] D, 1). (7.127)
m
By performing the following expansion for the matter field

b0 =D e e Mg, (7.128)

where the ¢, (r) = (r|a) are the eigenfunctions of h = —%Vz + U(r), and the
following expansion for the radiation field

. Bt e N
Aen=> ST [aks gitkr—et) 4 g gtk k’)]eks, (7.129)
ks
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we finally obtain

Hypan = €0 &l ea, (7.130)
«
Hrag = ho &3 dus, (7.131)
ks
Hp =1 gasi il e (aks ek 4 ot eiwk’) eles=cadt/h (7 132)
afks

where

1 . .
Zasks = _%‘/W ks - / &t §%0) (—ihV)da (1), (7.133)

Notice that
/d3l‘ ¢ (—ihV)da(r) = (BIpla) = imwga(BIr|a), (7.134)
where wg, = (€5 — €4)/h and consequently we can write

p =13 gus 5 G (a7 4 e47) it (7.135)
afks

. 1
8apks = —L,| YeohiorV Waa Eks - (Bler|ay), (7.136)

and (3ler|a) the electric dipole moment of the electromagnetic transition between
the electronic states |3) and |«).

with

7.6.1 Cavity Quantum Electrodynamics

The development of lasers has produced a new field of research in quantum optics:
cavity quantum electrodynamics (CQED). This is the study of the interaction between
laser light confined in a reflective cavity and atoms or other particles which are inside
the cavity.

The simplest system of CQED is a laser light interacting with a two-level atom.
This system can be described by the Hamiltonian (7.123) with Eqs. (7.130)—(7.132)
but considering only one mode of the electromagnetic field and only two modes of
the matter field, namely
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A =hoita+ e8fey + eif e + hg|&f &y (ae™ @t 4 ot eflerea)

4ot (&e—i(a}+w21)t n a+ei(w—w21)1) ] (7.137)

where for simplicity we set w = wy, wa] = (€2 — €1)/h, & = dgs, AT = Ez]‘fs and
g = g12 = g21. If the applied electromagnetic radiation is near resonance with
an atomic transition, i.e. w =~ wjp] or equivalently (w — wp1) =~ 0, the previous
Hamiltonian can be approximated as

A =hwita+adfon+eaife+hgif o (a+at )
et (a i 2#) ] (7.138)

Moreover, within the so-called rotating-wave approximation, one can neglect the
remaining time-dependent terms which oscillate rapidly, obtaining

H=hoita+eife +eaift+hgdaa+i sat) (7.139)

This is the Jaynes-Cummings Hamiltonian, originally proposed in 1963 by Edwin
Jaynes and Fred Cummings. This model Hamiltonian can be considered the
drosophila of quantum optics: it contains enough physics to describe many phe-
nomena in CQED and atom optics.

Let us analyze some properties of the Jaynes-Cummings Hamiltonian. The
photonic Fock state |n) is eigenstate of the bosonic number operator a*a. The photon
can be in any state |n) or in a superposition of them, namely

o
[photon) = > a|n). (7.140)

n=0
where «, are complex coefficients such that Z?zio lan|> = 1. In addition, the
electronic Fock state |g) = |11) is eigenstate of the fermionic number operator

éré 1, while the electronic Fock state |e) = |15) is eigenstate of the fermionic num-
ber operator 2‘?81. In this two-level atom the electron can be in the state |g) or in the
state |e), or in a superposition of both, namely

lelectron) = «a|g) + (Gle), (7.141)

where o and 3 are two complex coefficients such that |a|> + |3]*> = 1 and obviously

e +efe =1 (7.142)
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It is then useful to introduce the following pseudo-spin operators

Sy =&fe, (7.143)
§_=¢ten, (7.144)
S

S.=3 (cyer—¢fen), (7.145)

which have these remarkable properties

Silg) =le), Sile) =0, (7.146)
S_1g) =0, S_le) = lg), (7.147)

N 1 N
Sclg) = —5lg)  Sile) = Lle). (7.148)

By using these pseudo-spin operators the Jaynes-Cummings Hamiltonian of Eq.
(7.139) becomes

H = hwata + hwnS, + he (S+ a+38- &+) s (7.149)

where € = (€] 4 €2)/2 is a constant energy shift. Due to the deep analogy between
two-level electronic system and two-spin states it is quite natural to set

0
|¢>=|g>=|11>=(1), (7.150)
1
|T)=Ie)=llz>=<0). (7.151)
A generic Fock state of the system is then given by

n, 4)=In) &) (7.152)

or
n, 1) =1n)|1). (7.153)

We rewrite the Hamiltonian (7.149) neglecting the unrelevant energy shift € as follows

H=Hy+ H (7.154)
where
Ho = hwa™a + hwy S, (7.155)

A = hg (S‘+a+§, a+). (7.156)
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Except for the state |0, | ), any other eigenstate of Hy belongs to one of the infinite
set of two-dimensional subspaces {|n — 1, 1), |n, | )}. Thus, for a fixed and finite
value of n, the infinite matrix representing the Jaynes-Cummings Hamiltonian H on
the basis of eigenstates of Hy splis into an infinite set of 2 x 2 matrices

r (hwn+hwy  hgn
Hn_< hevn  hwn -k ) (7.157)

because
Sian—1,1)=~n—184n—1,1)=0, (7.158)
Sialn, L) = VnSyln—1,1) =/nln—1,1), (7.159)
S_atln—1,1) = VnS_|n, 1) = /nn, |), (7.160)
Satin, ) =vn+18_In+1,])=0. (7.161)

The matrix H, can be easily diagonalized yeldings the following eigenvalues

1 1
E® =@mn—Hhw+-A (7.162)
2 2
where
A = /6% +4h%g%n, (7.163)

is the energy splitting with
0 = h(wr —w) (7.164)

the detuning between the atomic (electronic) transition frequency w1 and the photon
frequency w. The corresponding eigenstates are instead given by

[u$H) = cos ()|n, ) —sin (@)|n—1,1) (7.165)
|ui”)) = sin (@)|n, | ) 4 cos (@) ln — 1, 1), (7.166)

1—-6/A
¢ = arctan —/ (7.167)
14+0/A
(+)

The states |u; '), known as “dressed states”, were introduced by Claude
Cohen-Tannoudji and Serge Haroche in 1968—1969. These two scientists got the
Nobel Prize in Physics (Cohen-Tannoudji in 1997 and Haroche in 2012) for their
studies on the manipulation of atoms with lasers.

where
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7.7 Bosons in a Double-Well Potential

In this last section we consider a quite interesting physical problem: interacting
bosons in a quasi-1D double-well potential. The starting point is the quantum-field-
theory Hamiltonian

N A h? A
H= /d3r Pr(r) [——Vz + U(l’)] Y(r)
2m
1 N A A N
+3 / e e’ P @) ) Ve =) ) P(r), (7.168)
where the external trapping potential is given by

1
U(r) = Vpw(x) + Emwicyz +22), (7.169)

that is a generic double-well potential Vpw (x) in the x axial direction and a harmonic
potential in the transverse (y, z) plane. We assume that the system of bosons, described
by the field operator ﬁ(r), is dilute and approximate the inter-particle potential with
a contact Fermi pseudo-potential, namely

Vir—r1) =gdr—r), (7.170)

with g the strength of the interaction. If the frequency w is sufficiently large, the
system is quasi-1D and the bosonic field operator can be written as

e 0P/ Q17)

D(r) = p(x) pyeTH (7.171)
We are thus supposing that in the transverse (y, z) plane the system is Bose-Einstein

condensed into the transverse single-particle ground-state, which is a Gaussian wave-

function of width
[ h
= |—, (7.172)
mw,)

that is the characteristic length of the harmonic confinement. Inserting Eq. (7.171)
into the Hamiltonian (7.168) and integrating over y and z variables we obtain the
effective 1D Hamiltonian

. A n? d? 2
H= /dx T (x) [_%E + Vpw (x) + hwi] P(x)

+ %D dx ¢ (x) §T(x) D) (), (7.173)
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where

81D (7.174)

T o2

is the effective 1D interaction strength. Notice that in the one-body part of the Hamil-
tonian it appears the single-particle ground-state energy fw; of the harmonic con-
finement. We suppose that the barrier of the double-well potential Vpyw (x), with its
maximum located at x = 0, is quite high such that there several doublets of quasi-
degenerate single-particle energy levels. Moreover, we suppose that only the low-
est doublet (i.e. the single-particle ground-state and the single-particle first excited
state) is occupied by bosons. Under these assumptions we can write the bosonic field
operator as

S(x) = & dr(x) + ar ¢r(x) (7.175)

that is the so-called two-mode approximation, where ¢r(x) and ¢g(x) are
single-particle wavefunctions localized respectively on the left well and on the right
well of the double-well potential. These wavefunctions (which can be taken real) are
linear combinations of the even (and postitive) wavefunction ¢o(x) of the ground
state and the odd (and positive for x < 0) wavefunction ¢ (x) of the first excited
state, namely

1

PL(x) = NG (Po(x) + ¢1(x)) , (7.176)
1

Pr(x) = NG (o (x) — P1(x)). (1.177)

Clearly the operator a; annihilates a boson in the jth site (well) while the operator

&;‘ creates a boson in the jth site (j = L, R). Inserting the two-mode approximation

of the bosonic field operator in the effective 1D Hamiltonian, we get the following
two-site Hamiltonian

N N ~ Urp ~ ~ Ur ~ =~
H = €LNL+€RNR_JLR&ZF&R_JRL&1J£&L+TLNL(NL_1)+7RNR(NR_1)a (7.178)

where N; = &;r&j is the number operator of the jth site,

h* d?
€ = /dx @j(x) [_%E + Vow (x) + thi| ?j(x) (7.179)

is the kinetic plus potential energy on the site j,

n? d?
Jij = / dx ¢i(x) [—%ﬁ + Vow (x) + hWJ_] (%), (7.180)

is the hopping energy (tunneling energy) between the site i and the site j, and
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U, =810/dx o) (7.181)

is the interaction energy on the site j. The Hamiltonian (7.178) is the two-site Bose-
Hubbard Hamiltonian, named after John Hubbard introduced a similar model in 1963
to describe fermions (electrons) on a periodic lattice. If the double-well potential
Vow (x) is fully symmetric then ¢, = eg =€, Jig = Jrp = J, UL, = Ugr = U, and
the Bose-Hubbard Hamiltonian becomes

A

A e Ure » .
H=c (NL +NR) —J (afan +afar) + 5 [NL(NL 1) + NNk — 1)].

(7.182)
The Heisenberg equation of motion of the operator a; is given by
d,. . . OH
lhEaj =[a;, H] = @, (7.183)
from which we obtain
Ld . . . NI T
lhEaj =ecaj—Jai+UN; — E)aj, (7.184)

where j = L,R and i = R, L. By averaging this equation with the coherent state
lapag) = |ar) ® |ag), such that &j(f)|04j> = Oz]'(l‘)|Otj>, we find

d 1
ihEaj =caj—Joi + U(|loj)* — )% (7.185)

where B .
aj(t) = Nj(r) &1, (7.186)

with Nj(t) the average number of bosons in the site j at time ¢ and 6;(¢) the corre-
sponding phase angle at the same time . Working with a fixed number of bosons, i.e.

N = Nz(t) + Ng (1), (7.187)
and introducing population imbalance

2t = w (7.188)

and phase difference
0(t) = Or(1) — OL(1), (7.189)
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the time-dependent equations for ay (¢) and ag(?) can be re-written as follows

d 2
d_j - _EJ V1 =22 sin (), (7.190)
dg  2J Z U

P T s+ 2~z 7.191
7 N cos (0) + 2 ( )

These are the so-called Josephson equations of the Bose-Einstein condensate. Indeed,
under the condition of small population imbalance (|z| < 1), small on-site interaction
energy (|U|z/h <« 1) and small phase difference (§ < 1) one finds

d 2

d—j =~ sin(), (7.192)
o 2J 7193
a - " '

which are the equations introduced in 1962 by Brian Josephson to describe the
superconducting electric current (made of quasi-bosonic Cooper pairs of electrons)
between two superconductors separated by a thin insulating barrier (Nobel Prize in
1973). Remarkably, as shown in 2007 at Heidelberg by the experimental group of
Markus Oberthaler, Egs. (7.190) and (7.191) describe accurately also the dynamics
of a Bose-Einstein condensate made of alkali-metal atoms confined in the quasi-1D
double-well potential by counter-propagating laser beams.

7.7.1 Analytical Results with N = 1and N = 2

In this subsection we discuss the two-site Bose-Hubbard Hamiltonian
N pn adn Ul~ Ur ~ =
H=-J (aL ar + aRaL) + 5 Np(Np — 1) + TNR(NR - D, (7.194)

in the case of N = 1 and N = 2 bosons. Note that, without loss of generality, we
have removed the constant energy eN.
The ground-state |GS) of the system with N bosons can be written as

N
GS) = > cili, N =), (7.195)
i=0

where |i, N — i) = |i) ® |N — i) is the state with i bosons in the left well and N — i
bosons in the right well and ¢; is its probability amplitude such that

N
Dlal =1. (7.196)
i=0
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In the case of N = 1 bosons the ground-state is simply
|GS) = ¢0l0, 1) + c1]1, 0), (7.197)

where
lcol* + le1]? = 1. (7.198)

Moreover, the on-site energy is identically zero and consequently it is immediate

to find .
CO = Cl = E (7199)

for any value of J and U.
In the case of N = 2 bosons the ground-state is instead given by

|GS) = c0[0,2) +c1]l, 1) + 22, 0), (7.200)

where
lcol® + le11* + leal* = 1. (7.201)

By direct diagonalization of the corresponding Hamiltonian matrix, one finds
2
co=cy= (7.202)

\/16+C2+C\/C2+ 16

and
C+VC2+16
C1 =Co ) (7.203)
22
where U
(= 7 (7.204)

is the effective adimensional interaction strength which controls the nature of the
ground state |GS). Thus, the ground-state is strongly dependent on the ratio between
the on-site energy U and the tunneling (hopping) energy J. In particular, one
deduces that

1, 1) for{ — +o0
1G8) = § +(10.2) + V211, 1) +12.0)) for¢ > 0 (7.205)
- (10.2) +12.0)) for ¢ — —o0
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7.8 Solved Problems

Problem 7.1

Consider the operator N = f +f where f and f + satisfy the anti-commutation rule
ff+ +f+f = 1. Show that if |n) is an eigenstate of N with eigenvalue n then £ |n)
is eigenstates of N with eigenvalue 1 — n.

Solution

We have . o
Nfln) = (F*f)f In).

The anti-commutation relation between f and f * can be written as
=1
This implies that
NftIny = GTAF FIn) = F7GFOIn) = FHA =F i)
=T =N)in) = (1 =n)f In).

Notice that in Sect. 7.2 we have shown that the operator N of fermions has only
eigenvalues 0 and 1. This means that f*|0) = |1) and f 7|1) = 0.

Problem 7.2

Show that the following equation of motion

2
ihgw(r, = [—h—vz + U(r)} W(r, 1) + g 1, D12Y(r, 1)
t 2m

of the classical Schrodinger field ¢ (r, £), that is the time-dependent Gross-Pitaevskii
equation, can be deduced by extremizing the action

S =/dtd3r L,

L=1"(r, 1) [lha + S—VZ U(r)} Y(r, 1) — %g (e,

where

is the Lagrangian density of the system.
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Solution

First of all, we observe that

V- (V) = ¢* V2 + VY* - Ve

‘We can then write
/d3r ¢*V2w=/d3rV-(w*V1/)) —/d3r Vy* . Vi
Vv Vv \%4
=/d2r (V) -n—/ d*r Vi* - Vi,
S \%

where S is the surface of the domain of volume V. In the limit of a very large V we
can suppose that the Schrodinger field and its derivatives are zero on the surface S,
and consequently

/ dr Vi) = —/ d*r Vit - V.
v v
This means that the Lagrangian density can be rewritten as

9 K2 1
L= mw*a—f - %WW — UMy — 5g|w|4,

where |V¢)|> = Vi* - V1. In this way the Lagrangian density is a function of the
Schrodinger field and only its first derivatives, namely

L= £(¢’ ¢*’ aa_f’ V¢’ Vw)
The Schrodinger field ¥ (r, ) = ¥r(r, ) + i (r, t) is complex, depending on the
two real fields ¥g(r, f) and ¢y (r, r) which can be varied independently, but in this
way the complex conjugate field )*(r, 1) = ¥g(r, t) — ity (r, 1) is fully determined.
Alternatively, one can consider ¢ (r, 7) and 1)*(r, t) as independent fields: this is our
choice and the action S is then a functional of ¢ (r, #) and v (r, 7). The first variation
of the action S gives

5 5
58 = /dtd3r (—S S+ —Saw*) ,

S 5
where
B _oL_ 0oL o oL
S o Ot 5%—3 ovy’
88 oL 0 oL oL

R T LI 1




174 7 Second Quantization of Matter

Imposing that
0§=0

we obtain two Euler-Lagrange equations

oL_ooL o L

oY 8ta% vy ’
oL 9oL o oL
o* o Pt avyr

By using our Lagrangian density the first Euler-Lagrange equation gives

2

0 h
iha = [——Vz + U(r)] ¥+ g [Y1*,

2m

while the second Euler-Lagrange equation gives

2
—in = [—h—vz + U(r)] v+ g WPy,
ot 2m
that is the complex conjugate of the previous one.
To conclude, we observe that if the Lagrangian density depends also on higher spa-
tial derivatives the Euler-Lagrange equations are modified accordingly. For instance,
in the presence of terms like V21 or V21)* one gets

oL 9 oc oL, o

— ——— -V \Y =0,

o0 o1 g2t ave TV avay 0
oL 0oL oL, 0L
o 1 o aver T avigr

Problem 7.3

Derive the Gross-Pitaevskii equation

0 K2 _
iha—wo(r, 1 = [——V2 + U(r)] Yo(r, 1) + gN [o(r, H)*o(r, 1)
t 2m

of the classical field 1y (r, t) from the Heisenberg equation of motion
L0 . R ; pes 7 7
lhaw(l‘, nH= —%V + U (Y@, 1)+ g, DY, DY, 1)

of the bosonic quantum field operator 1,2(1', 1.



7.8 Solved Problems

Suggestion: expand the quantum field operator as

) =D Ca palr.1)

and use the coherent state |«g) of ¢o.
Solution

First of all we notice that

175

0 3] -
(aolihaw(r, Do) = ih—(ao|Y(r, 1)|ao)

ot

0 .
= ihz-{aol ;cma(r, 0lao)

0 N
=i~ Z o (¥, 1) (0 |Eala0)

0
= ih— Z b (F, )00 G0

0
= ihaqﬁo(r, 1).

Similarly

n2 .
(ol [—zvz + U(r)} D(r, Hlag) =
m

=«

Moreover

2

2

2

2

h2
o | ——VZ+ U@
2m

h ~
—2—v2 +U() | (ol (r, D)]ag)
m
‘%V2 +U® | {agl gca o (r. Dlag)
v uw |3 s niaolialan)
2m ~ (63 E) « 4

h
—%Vz + U(r) %“(ﬁa(r, D da,a

}aﬁo(r, 1.

(a0l (e, D, b, Dlao) = (aol D& ¢4r,0) D 85 ¢a(r, 1) D&y dy(r, Dlao)
«@ 6] y

= D> Ohr NG5, N, (x, Daoléfse, |ag)

afy
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= D G, D65, 0, (x, Dlaoa0da 005,005.0

afy

= Jao*aglgo(r, D> o(r, 1).

Finally, after setting N = |ag|%, we conclude that

9 o, X
(aolifi t(x, Dlao) = {aol [——v + U(r)] d(r, 1)
t 2m
+ g U, Dd(r, Dd(r, D]ag)

is exactly
.0 L Y 2
lﬁa—wo(r, 1= [——V + U(r)} Yo(r, 1) + gN [o(r, H)[“o(r, 7).
t 2m

Problem 7.4
Calculate the Brezin integral

/d'_yd'y e A,

where v and 7 are Grassmann variables, and A is a complex number.
Solution

First of all we notice that, due to the fact that we are working with Grasmann numbers,
one finds )
e =1 - 34,

because all the other terms of the Taylor-MacLaurin expansion are identically zero.
Consequently

/ dydy e = / dyd~y (1 —~AY).
Finally, on the basis of the definition of the Brezin integral where the integration is
defined as equivalent to differentiation, we get

2
0y0y

/ didy (1 = 3Ay) = —— (1 = 3Ay) = A.

Further Reading

For the second quantization of particles and non-relativistic quantum field theory:
N. Nagaosa, Quantum Field Theory in Condensed Matter Physics, Chap. 1, Sects.
1.1 and 1.2 (Springer, Berlin, 1999)
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A. Atland, B. Simons, Condensed Matter Field Theory, Chap. 2, Sect. 2.1 (Cambridge
University Press, Cambridge, 2006)

For the quantum properties of bosons in a double-well potential:

G. Mazzarella, L. Salasnich, A. Parola, F. Toigo, Coherence and entanglement in the
ground-state of a bosonic Josephson junction:from macroscopic Schrdinger cats to
separable Fock states. Phys. Rev. A 83, 053607 (2011)



Appendix A
Dirac Delta Function

In 1880 the self-taught electrical scientist Oliver Heaviside introduced the following
function

1 forx >0
) = [0 forx <0 (A1)

which is now called Heaviside step function. This is a discontinous function, with
a discontinuity of first kind (jump) at x = 0, which is often used in the context of
the analysis of electric signals. Moreover, it is important to stress that the Haviside
step function appears also in the context of quantum statistical physics. In fact, the
Fermi-Dirac function (or Fermi-Dirac distribution)

Fp(x) = (A.2)

ePx+1’
proposed in 1926 by Enrico Fermi and Paul Dirac to describe the quantum statistical
distribution of electrons in metals, where 0 = 1/(kgT) is the inverse of the absolute
temperature 7 (with kp the Boltzmann constant) and x = € — p is the energy € of
the electron with respect to the chemical potential ., becomes the function ® (—x)
in the limit of very small temperature 7', namely

0forx >0

1forx <0~ (A.3)

Inspired by the work of Heaviside, with the purpose of describing an extremely
localized charge density, in 1930 Paul Dirac investigated the following “function”

400 forx =0
o(x) = A4
x) 0 forx #0 (A4)
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imposing that

+00
/ d(x)dx = 1. (A5)

—00

Unfortunately, this property of §(x) is not compatible with the definition (A.4). In
fact, from Eq. (A.4) it follows that the integral must be equal to zero. In other words,
it does not exist a function §(x) which satisfies both Egs. (A.4) and (A.5). Dirac
suggested that a way to circumvent this problem is to interpret the integral of Eq.
(A.5) as

+o00 +00
/ o(x)dx = li%lJr/ Oc(x)dx, (A.6)

—00

where J¢(x) is a generic function of both x and € such that

. | Hooforx =0

61_1)r(r)1+ 0c(x) = [ 0 forx#0" (A7)
+00

/ dc(x)dx = 1. (A.8)
—00

Thus, the Dirac delta function 6 (x) is a “generalized function” (but, strictly-speaking,
not a function) which satisfy Egs. (A.4) and (A.5) with the caveat that the integral
in Eq. (A.5) must be interpreted according to Eq. (A.6) where the functions J.(x)
satisfy Egs. (A.7) and (A.8).

There are infinite functions . (x) which satisfy Eqs. (A.7) and (A.8). Among them
there is, for instance, the following Gaussian
1 2,2
Se(x) = X/ (A.9)

e
€/ TT

which clearly satisfies Eq. (A.7) and whose integral is equal to 1 for any value of e.
Another example is the function

L for x| < ¢/2
0c(x) = [6f0r x| > €/2 (A.10)
which again satisfies Eq. (A.7) and whose integral is equal to 1 for any value of e.
In the following we shall use Eq. (A.10) to study the properties of the Dirac delta
function.
According to the approach of Dirac, the integral involving § (x) must be interpreted
as the limit of the corresponding integral involving d.(x), namely

+00 +00
/ O(x) f(x)dx = lir(r)lJr/ be(x) f(x)dx, (A.11)

—00
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for any function f(x). It is then easy to prove that
+o00
/ 0(x) f(x)dx = f(0). (A.12)
—0o0
by using Eq. (A.10) and the mean value theorem. Similarly one finds
+o00
/ 0(x —c) f(x)dx = f(c). (A.13)
—00

Several other properties of the Dirac delta function 6 (x) follow from its definition.
In particular

0(—x) =d6(x), (A.14)
dax) = ﬁ d0(x) witha # 0, (A.15)

1
S(feN=> ool 5(x —x;)  with £(x;) = 0. (A.16)

i

Up to now we have considered the Dirac delta function § (x) with only one variable
x. It is not difficult to define a Dirac delta function §)(r) in the case of a D-
dimensional domain R?, where r = (x1, x2, ..., xp) € RP is a D-dimensional
vector:

(D) __ | Tooforr=20
1) (r)_{ 0 forr 0 (A.17)
and
/ §P (r)dPr = 1. (A.18)
RD

Notice that sometimes ¢”)(r) is written using the simpler notation §(r). Clearly,
also in this case one must interpret the integral of Eq. (A.18) as

/ §P (r)dPr = lim / 6P (r) dPr, (A.19)
RD e—~0t JRD

where 5£D) (r) is a generic function of both r and € such that

. (D) _ |t forr=20
GEI(I)L 07 (r) = I 0 forr#0" (A.20)
lim [ 0P (r)dPr = 1. (A.21)
e—~>0t
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Several properties of §(x) remain valid also for o (D) (r). Nevertheless, some
properties of §?)(r) depend on the space dimension D. For instance, one can prove
the remarkable formula

50y V2 (In|r|) for D =2 (A22)

r)= 1 2(_1 ) ]
_D(D—2)VDV (IrID‘Z) for D >3

where V? = + 8 P + -+ B s and Vp = 7P/2/ (1 4+ D/2) is the volume of

a D-dimenswnal 1persphere of un1tary radius, with I (x) the Euler Gamma function.
In the case D = 3 the previous formula becomes

5 (r) = _4Lv2 (i) , (A.23)
s

||

which can be used to transform the Gauss law of electromagnetism from its integral
form to its differential form.
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Fourier Transform

It was known from the times of Archimedes that, in some cases, the infinite sum
of decreasing numbers can produce a finite result. But it was only in 1593 that the
mathematician Francois Viete gave the first example of a function, f(x) = 1/(1—x),
written as the infinite sum of power functions. This function is nothing else than the
geometric series, given by

1 oo
— =>x". for|x| < 1. (B.1)
n=0
In 1714 Brook Taylor suggested that any real function f(x) which is infinitely
differentiable in x( and sufficiently regular can be written as a series of powers, i.e.

o0
f) = e (x —x0)", (B.2)
n=0
where the coefficients ¢, are given by

1
en = — £ (x0), (B.3)
n!

with £ (x) the n-th derivative of the function f (x). The series (B.2) is now called
Taylor series and becomes the so-called Maclaurin series if xg = 0. Clearly, the
geometric series (B.1) is nothing else than the Maclaurin series, where ¢,, = 1. We
observe that it is quite easy to prove the Taylor series: it is sufficient to suppose that
Eq. (B.2) is valid and then to derive the coefficients ¢, by calculating the derivatives
of f(x) at x = xp; in this way one gets Eq. (B.3).

In 1807 Jean Baptiste Joseph Fourier, who was interested on wave propagation
and periodic phenomena, found that any sufficiently regular real function function
f(x) which is periodic, i.e. such that
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fOx+L)= f(x), (B.4)
where L is the periodicity, can be written as the infinite sum of sinusoidal functions,
namely

ap ad 2 2
fx) = > + Zl [an cos (nfx) + b, sin (nfx>] , (B.5)
n=
where

2 /W 27
a, = — f(y) cos (n—y) dy, (B.6)

"TL)ip L

2 (L2 , 27
b, = I i f(y) sin (nfy) dy. (B.7)

Itis quite easy to prove also the series (B.5), which is now called Fourier series. In fact,
it is sufficient to suppose that Eq. (B.5) is valid and then to derive the coefficients
ap and b, by multiplying both side of Eq. (B.5) by cos (nQT’Tx) and cos (n zfﬂx)
respectively and integrating over one period L; in this way one gets Egs. (B.6) and
(B.7).

It is important to stress that, in general, the real variable x of the function f(x)
can represent a space coordinate but also a time coordinate. In the former case L
gives the spatial periodicity and 27w/ L is the wavenumber, while in the latter case L
is the time periodicity and 27r/L the angular frequency.

Taking into account the Euler formula

T = cos nz—wx + i sin nz—Wx (B.8)
L L

with i = +/—1 the imaginary unit, Fourier observed that his series (B.5) can be
re-written in the very elegant form

+o00 N
fay= D fae"T*, (B.9)
n=—0o0
where
1 L/2 . 2m
fo= 7 L fe "1 dy (B.10)

are complex coefficients, with fo = ao/2, f, = (an — iby)/2if n > 0and f, =
(a—p +ib_y)/2ifn <0, thus [ = f_,.

The complex representation (B.9) suggests that the function f(x) can be periodic
but complex, i.e. such that f : R — C. Moreover, one can consider the limit
L — 4-o0 of infinite periodicity, i.e. a function which is not periodic. In this limit
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Eq. (B.9) becomes the so-called Fourier integral (or Fourier anti-transform)

1 —+o00 5 )
fx) = —/ fk) ™ dk (B.11)
I
with -~
flk) = / FO)e ™ dy (B.12)

the Fourier transform of f(x). To prove Eqs. (B.11) and (B.12) we write Eq. (B.9)
taking into account Eq. (B.10) and we find

= 1 L/2 2
fe =3 (— FWe '"Lydy) g, (B.13)
=~ \L/)
Setting
2 2
ky = n% and Ak = kni1 — kn = % (B.14)

the previous expression of f(x) becomes

fx) = Z (

n——oo

L/2 , )
f(y) e~ Hny dy) eFn* Ak, (B.15)

In the limit L — +o00 one has Ak — dk, k, — k and consequently

1 +00 +00 . .
fx) = 2—/ ( f(y)e dy) e dk, (B.16)
vy

—0o0 —00

which gives exactly Egs. (B.11) and (B.12). Note, however, that one gets the same
result (B.16) if the Fourier integral and its Fourier transform are defined multiplying
them respectively with a generic constant and its inverse. Thus, we have found that
any sufficiently regular complex function f(x) of real variable x which is globally
integrable, i.e. such that

+o00
/ | f(x)|dx < 400, (B.17)

—00

can be considered as the (infinite) superposition of complex monocromatic waves
e** The amplitude f (k) of the monocromatic wave ¢'** is the Fourier transform of

J ).
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S(x) FLf(x)]1k)
0 0
1 276 (k)
6(x) 1
e(x) PR I(9)
ekox 21 5k — ko)
efxz/(ztﬂ) amefazkzﬂ
e—a\xl 2211

a2+k?
sgn(x) 2

sin (kox) ?[5(]{ — ko) — 0(k + ko)]
cos (kox) 7w [0k — ko) + d(k + ko)]

Table: Fourier transforms F[ f (x)](k) of simple functions f(x), where d(x) is the
Dirac delta function, sgn(x) is the sign function, and ®(x) is the Heaviside step
function.

The Fourier transform f (k) of a function f(x) is sometimes denoted as
FLf (x)1(k), namely

Flk) = FLFOIh) = / FO) e dy. (B.18)

The Fourier transform F f (x)](k) has many interesting properties. For instance, due
to the linearity of the integral the Fourier transform is clearly a linear map:

Fla f(x) +bg0)lk) = a FLf (x)](k) + b Flg(x)](k). (B.19)

Moreover, one finds immediately that

FIf (x — a)l(k) = e X FLf(0)1(K), (B.20)
Fe™* £ )1k = FLF )1k — ko). (B.21)
Flx 1) =i f'(k), (B.22)
FLFP 01k = (k)" f k), (B.23)

where ) (x) is the n-th derivative of f(x) with respect to x.

In the Table we report the Fourier transforms F[ f (x)](k) of some elementary
functions f(x), including the Dirac delta function §(x) and the Heaviside step func-
tion ®(x). We insert also the sign function sgn(x) defined as: sgn(x) = 1 forx > 0
and sgn(x) = —1 for x < 0. The table of Fourier transforms clearly shows that
the Fourier transform localizes functions which is delocalized, while it delocalizes
functions which are localized. In fact, the Fourier transform of a constant is a Dirac
delta function while the Fourier transform of a Dirac delta function is a constant. In
general, it holds the following uncertainty theorem
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Ax Ak > % (B.24)

where )
Ax? =/ X2 f ()P dx — (/ x |f(x)|2dx) (B.25)

and )
AK? :/ k| f (k)| dk — (/ k |f(k)|2dk) (B.26)

are the spreads of the wavepackets respectively in the space x and in the dual space
k. This theorem is nothing else than the uncertainty principle of quantum mechanics
formulated by Werner Heisenberg in 1927, where x is the position and k is the
wavenumber. Another interesting and intuitive relationship is the Parseval identity,
given by

+00 +oo
/ |f0)Pdx = / | f(k)[*dk. (B.27)

—0o0 —00

It is important to stress that the power series, the Fourier series, and the Fourier
integral are special cases of the quite general expansion

f&x) = i: fa da(x)da (B.28)

of a generic function f(x) in terms of a set ¢, (x) of basis functions spanned by the
parameter o, which can be a discrete or a continuous variable. A large part of modern
mathematical analysis is devoted to the study of Eq. (B.28) and its generalization.

The Fourier transform is often used in electronics. In that field of research the
signal of amplitude f depends ontimez,i.e. f = f(¢). In this case the dual variable
of time ¢ is the frequency w and the fourier integral is usually written as

+o00
[ = L fwye ™" dk (B.29)
27 ) o
with
Fw) = FLAOIw) = / £ e di (B.30)

the Fourier transform of f(z). Clearly, the function f(¢) can be seen as the Fourier
anti-transform of f(w), in symbols

F) = F U@ = FUFLFONw)@), (B.31)
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which obviously means that the composition F~! o F gives the identity.

More generally, if the signal f depends on the 3 spatial coordinates r = (x, y, z)
and time ¢, i.e. f = f(r, t), one can introduce Fourier transforms from r to k, from
t to w, or both. In this latter case one obviously obtains

1 - ,
_ - i(k-x—wt) ;3
f(r, 1) = L /w fk, w)e d*kdw (B.32)
with
fk, w) = FLfx, D]k, w) =/ fk, 1) e RT=D g3p gy (B.33)
R4

Also in this general case the function f (r, #) can be seen as the Fourier anti-transform
of f(k,w), in symbols

fe, 0 =F U Kk wlr, ) = F UFLf(r, D]k, w)](r, 1). (B.34)
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Laplace Transform

The Laplace transform is an integral transformation, similar but not equal to the
Fourier transform, introduced in 1737 by Leonard Euler and independently in 1782
by Pierre-Simon de Laplace. Nowaday the Laplace transform is mainly used to solve
non-homogeneous ordinary differential equations with constant coefficients.

Given a sufficiently regular function f(¢) of time ¢, the Laplace transform of f (¢)
is the function F (s) such that

+00
F(s) = F(t)e ™ dt, (C.1)
0

where s is a complex number. Usually the integral converges if the real part Re(s) of
the complex number s is greater than critical real number x., which is called abscissa
of convergence and unfortunately depends on f(¢). The Laplace transform F (s) of
a function f(¢) is sometimes denoted as L[ f (¢)](s), namely

F(s) = LIf®](s) :/0 f@ye™"dr. (C.2)

For the sake of completeness and clarity, we write also the Fourier transform f (w),
denoted as F[ f(¢)](w), of the same function

fw) = FIfn]lw) =/ [y e dr. (C3)

First of all we notice that the Laplace transform depends on the behavior of f(¢) for
non negative values of ¢, while the Fourier transform depends also on the behavior
of f(¢) for negative values of ¢. This is however not a big problem, because we can
set f(t) = 0fort < O (or equivalently we can multiply f(¢) by the Heaviside step
function ® (7)), and then the Fourier transform becomes
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fw) = FILf 0O)w) :/0 f@) e dr. (C4

Moreover, it is important to observe that, comparing Eq. (C.2) with Eq. (C.4), if both
F and L of f(t) exist, we obtain

F(s) = LLf(D1(s) = FLfO]s) = fis), (C5)
or equivalently
W) = FIFOlw) = LIf (O](—=iw) = F(=iw). (C.6)

Remember that w is a real variable while s is a complex variable. Thus we have found
that for a generic function f (), such that f(¢) = 0 for t < 0, the Laplace transform
F(s) and the Fourier transform f (w) are simply related to each other.

In the following Table we report the Laplace transforms L[ f(¢)](s) of some
elementary functions f(¢), including the Dirac delta function d(¢) and the Heaviside
step function ®(z), forgetting about the possible problems of regularity.

Sf(@) LLf(1)]1(s)
0 0
1

1 5
ot —1) e ™
ot —1) e

n n!
! prEa)
e~ 1
ol 5

) a?—s2
s (at) ﬁ
cos (at) Az_"‘_az

Table. Laplace transforms L[ f(z)](s) of simple functions f(z), where d(¢) is the
Dirac delta function and ®(z) is the Heaviside step function, and 7 > 0 and n
positive integer.

We now show that writing f(¢) as the Fourier anti-transform of f (w) one can
deduce the formula of the Laplace anti-transform of F'(s). In fact, one has

- 1 oo .
0 = F 1 F@o = o / Fw) e dw. ©7)
Because f(w) = F(—iw) one finds also

ft) = i/oo F(—iw) e ™ dw. (C.8)
27 J_ o
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Using s = —iw as integration variable, this integral representation becomes
1 +ioo
f)=5— F(s)e* ds, (C.9)
271 J_ino

where the integration is now a contour integral along any path ~y in the complex plane
of the variable s, which starts at s = —ioo and ends at s = ioo. What we have found
is exactly the Laplace anti-transform of F(s), in symbols

1 +ioo
f@) = L7F(s))0) = oy F(s)e" ds. (C.10)
i

—ioo

Remember that this function is such that f(z) = 0 for ¢t < 0. The fact that the
function f(¢) is the Laplace anti-transform of F'(s) can be symbolized by

f@) = LTNF®10) = L7 LLF O1)]0), (C.11)

which means that the composition £~! o £ gives the identity.
The Laplace transform L[ f (¢)](s) has many interesting properties. For instance,
due to the linearity of the integral the Laplace transform is clearly a linear map:

Lla f(1) +bg®)]1(s) = a LIfD)](s) + b LIg(H)](s). (C.12)

Moreover, one finds immediately that

LIf(t —a)O —a)l(s) = e~ LI D), (C.13)
L™ f(O](s) = LIf(D](s — a). (C.14)

For the solution of non-homogeneous ordinary differential equations with constant
coefficients, the most important property of the Laplace transform is the following

LIFPO16) = 5" LIF DIs) =" f0) =" 72 f D) = =5 f072 — f=D(0)
(C.15)

where £ (¢) is the n-th derivative of f(r) with respect to . For instance, in the
simple cases n = 1 and n = 2 one has

LI 1) = s F(s) = £(0), (C.16)
LI 0]1(s) = s> F(s) — sf'(0) — £(0), (C.17)

by using F(s) = L[f(¢)](s). The proof of Eq. (C.15) is straightforward performing
integration by parts. Let us prove, for instance, Eq. (C.16):
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I o [T d,
L0 = | flwetde=[f@e]5™ - /0 F@) (e di
400
=—fO+s | SO dt=—fO) +sLIFO)s)
= —f(0) +5 F(s). (C.18)

We now give a simple example of the Laplace method to solve ordinary differential
equations by considering the differential problem

/) + ft) =1 with f(0) =2. (C.19)
We apply the Laplace transform to both sides of the differential problem

LLF'@) + FO1(s) = LI11(s) (C.20)

obtaining

sF(s) =2+ F(s) = L (C.21)
S

This is now an algebraic problem with solution

21 1 2 1 I
- - + -+ (C.22)

F = _— = .
) s(s+1)+s+1 s s+1 s+1 s s+1

Finally, we apply the Laplace anti-transform
1 1 1 1
D=L+ —|O=L""-|O+L"|—|®. C.23
f(@) L+s+1}() [S]()-l- Sl (0 (C.23)
By using our Table of Laplace transforms we find immediately the solution

f)=14+e". (C.24)

The Laplace transform can be used to solve also integral equations. In fact, one
finds

! 1
L [/0 VAe) dy} () = S F(s), (C.25)

and more generally

4 I
L [/ fgt—y) dy] (s) = ?0 + F(s) G(s), (C.26)
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where 0
Io = / FO) 9t — v dy. 27)

Notice that the integral which appears in Eq. (C.25) is, by definition, the convolution
(f * g)(¢) of two functions, i.e.

t
(f *9) () =/0 FO) gt =y)dy. (C.28)
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